Extending a valuation centered in a local domain to the formal 

completion. 

■ - - . F.J. Herrera Govantes* M. A. Olalla Acosta* 

Departamento de Algebra Departamento de Algebra 

O ■ Facultad de Matematicas Facultad de Matematicas 

Avda. Reina Mercedes, s/n Avda. Reina Mercedes, s/n 

'^ . Universidad de Sevilla Universidad de Sevilla 

[iH : 41012 Sevilla, Spain 41012 Sevilla, Spain 

\Q ■ email: jlierrera@algebra.us.es email: miguelolalla@algebra.us.es 

M. Spivakovsky 

\D [ Institut de Mathematiques de Toulouse 

< ; UMR 5219 du CNRS, 

^ ■ Universite Paul Sabatier 

c^ I 118, route de Narbonne 

31062 Toulouse cedex 9, France, 
email: mark.spivakovsky@matli.univ-toulouse.fr 

^ I B. Teissier^ 

(X) ! Equipe " Geometrie et Dynamique" , 

*^ ■ Institut Mathematique de Jussieu, 



^ 



UMR 7586 du CNRS 
175 Rue du Chevaleret 



O I F-75013 Paris, France. 

O ■ email: teissier@math.jussieu.fr 

February 7, 2012 
1 Introduction 

All the rings in this paper will be commutative with 1. 

Let {R, m, k) be a local noetherian domain with field of fractions K and Ry a valuation 
ring, dominating R (not necessarily birationally) . Let v\k '■ K* -^ T he the restriction of i/ 
to K; by definition, i^lx is centered at R. Let R denote the m-adic completion of R. In the 
applications of valuation theory to commutative algebra and the study of singularities, one is 
often induced to replace R by its ?TT--adic completion R and z^ by a suitable extension z)_ to p 
for a suitably chosen prime ideal P, such that P R = (0) (one specific application we have in 
mind has to do with the approaches to proving the Local Uniformization Theorem in arbitrary 
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characteristic such as p^ and ^14])- The first reason is that the ring R is not in general an 
integral domain, so that we can only hope to extend z/ to a pseudo-valuation on R, which means 
precisely a valuation i>_ on a quotient p as above. The prime ideal P is called the support of the 
pseudo- valuation. It is well known and not hard to prove that such extensions u- exist for some 
minimal prime ideals P of R. Although, as we shall see, the datum of a valuation i' determines 
a unique minimal prime of R when R is excellent, in general there are many possible primes 
P as above and for a fixed P many possible extensions z>„. This is the second reason to study 
extensions P_. 

The purpose of this paper is to give, assuming that R is excellent, a systematic description 
of all such extensions z)_ and to identify certain classes of extensions which are of particular 
interest for applications. In fact, the only assumption about R we ever use in this paper is a 
weaker and more natural condition than excellence, called the G condition, but we chose to 
talk about excellent rings since this terminology seems to be more familiar to most people. For 
the reader's convenience, the definitions of excellent and G-rings are recalled in the Appendix. 
Under this assumption, we study extensions to (an integral quotient of) the completion 
i? of a valuation z^ and give descriptions of the valuations with which such extensions 
are composed. In particular w^e give criteria for the uniqueness of the extension if 
certain simple data on these composed valuations are fixed. 

We conjecture (see statement 5.19 in |14j and Conjecture 11.111 below for a stronger and 
more precise statement) that 

given an excellent local ring R and a valuation u of R which is positive on its 
maximal ideal m, there exists a prime ideal H of the m-adic completion R such that 
Hf^R= (0) and an extension of z^ to ^ ^vhich has the same value group as u. 

When studying extensions of i^ to the completion of R, one is led to the study of its 
extensions to the henselization R of R as a natural first step. This, in turn, leads to the study of 
extensions of z^ to finitely generated local strictly etale extensions R^ of R. We therefore start out 
by letting a : R ^ R^ denote one of the three operations of completion, (strict) henselization, 
or a finitely generated local strictly etale extension: 

(1) 
(2) 
(3) 

The ring R^ is local; let m^ denote its maximal ideal. The homomorphisms 

R^ R and R ^ R'' 

are regular for any ring R; by definition, if R is an excellent ring then the completion homomor- 
phism is regular (in fact, regularity of the completion homomorphism is precisely the defining 
property of G-rings; see the Appendix for the definition of regular homomorphism). 

Let r denote the (real) rank of v. Let (0) = A^ ^ ^r-i ^ • • • ^ Aq = F be the isolated 
subgroups of F and Pq = (0) '^ Pi '^ ■ ■ ■ (^ Pr = m the prime valuation ideals of R, which 
need not, in general, be distinct. In this paper, we will assume that R is excellent. Under this 
assumption, we will canonically associate to i^ a chain Hi C H^ C • • • C H2r+i = mR' of ideals 
of R\ numbered by odd integers from 1 to 2r + 1, such that -^2^+1 Ci R = Pe for < £ < r. 
We will show that all the ideals H2e+i are prime. We will define H2£ to be the unique minimal 
prime ideal of PiR\ contained in ^2^+1 (that such a minimal prime is unique follows from the 
regularity of the homomorphism a). 



i?t = 


= R 


or 


i?t = 


= R 


or 


i?t = 


= R\ 





We will thus obtain, in the cases ([I])-(l3]), a chain of 2r + 1 prime ideals 

Ho C Hi C ■ ■ ■ C H2r = H2r+1 = mR\ 

satisfying H21 CiR = -^2^+1 CiR = Pc and such that H2£ is a minimal prime of PiR^ for < £ < r. 
Moreover, if R' = R or R' = R^, then H2i = H2e+i- We call Hi the i-th implicit prime 
ideal of R', associated to R and u. The ideals Hi behave well under local blowing ups along 
u (that is, birational local homomorphisms R ^ R' such that z/ is centered in R'), and more 
generally under u-extensions of R defined below in subsection 11.11 This means that given any 
local blowing up along u or i^-extension R — )• R\ the i-th implicit prime ideal H'^ of R'' has the 
property that H^ H R' = Hi. This intersection has a meaning in view of Lemma 11.21 below. 

For a prime ideal P in a ring R, n{P) will denote the residue field p£ . 

Let (0) ^ mi ^ • • • ^ mj,-i ^ nij. = m^ be the prime ideals of the valuation ring Ry. By 
definitions, our valuation i^ is a composition of r rank one valuations v = uio V2- ■ ■ o v^., where 
vi is a valuation of the field «;(m^_i), centered at ^ "'^ (see p8]. Chapter VI, §10, p. 43 for the 
definition of composition of valuations; more information and a simple example of composition 
is given below in subsection 1 1.1) where we interpret each m^ as the limit of a tree of ideals). 

If i?^ = R, we will prove that there is a unique extension u^ of zv to ■^. If R^ = R, 
the situation is more complicated. First, we need to discuss the behaviour of our constructions 
under i/-extensions. 

1.1 Local blowings up and trees. 

We consider extensions i? — )• i?' of local rings, that is, injective morphisms such that R' is an 
i?-algebra essentially of finite type and m' D R = m. In this paper we consider only extensions 
with respect to v; that is, both R and R' are contained in a fixed valuation ring R^. Such 
extensions form a direct system {R'}. We will consider many direct systems of rings and of 
ideals indexed by {R'}; direct limits will always be taken with respect to the direct system {R'}. 
Unless otherwise specified, we will assume that 

lunR' = R^. (4) 

Note that by the fundamental properties of valuation rings ( [18] , § VI) , assuming the equality 
([4]) is equivalent to assuming that \iuiK' = K^, where K' stands for the field of fractions of R' 

and Ki, for that of R^ , and that lim R' is a valuation ring. 

Definition 1.1 A tree of R' -algebras is a direct system {S'} of rings, indexed by the directed set 
{R'}, where S' is an R' -algebra. Note that the maps are not necessarily injective. A morphism 
{S'} —7- {T'} of trees is the datum of a map of R' -algebras S' — t- T' for each R' commuting with 
the tree morphisms for each map R' — ?• R" . 

Lemma 1.2 Let R ^^ R' be an extension of local rings. We have: 

1) The ideal N := rrv (8)/j 1 + 1 (E>_r m' is maximal in the R-algebra R' (8)/j R' . 

2) The natural map of completions (resp. henselizations) R^ — t- R'* is injective. 

Proof.- 1) follows from that fact that R'^ /m) = R/m. The proof of 2) relies on a construction 
which we shall use often: the map i?' — )• R can be factored as 

R^ -^ (r^ (S)r R') -^ R'\ (5) 



where the first map sends x to x (8) 1 and the second is determined hj x0 x' >-^ b(x).c{x') where 
b is the natural map R^ — )• R'' and c is the canonical map R' — )• R''. The first map is injective 
because R' is a flat i?-algebra and it is obtained by tensoring the injection R ^ R' hy the R- 
algebra R^; furthermore, elements of R^ whose image in R^ 0ji R' lie outside of A^ are precisely 
units of R) , hence they are not zero divisors in R^ 0ji R' and R^ injects in every localization of 
R^ ^R R'. 
Since m' D R = m, we see that the inverse image by the natural map of i?'-algebras 



l: R' ^ {R^ 0rR'] 



N, 



N 



defined by x' i-> I^rx', of the maximal ideal M = {m^ ®Rl + l0Rm'){R'^ ®rR')n of {R'^^rR'] 
is the ideal m' and that i induces a natural isomorphism -^ — t- - — .^^ ''^ for each i. From this 
it follows by the universal properties of completion and henselization that the second map in 
the sequence ([5]) is the completion (resp. the henselization inside the completion) of R^ (S>r R' 
with respect to the ideal M. It is therefore also injective. D 

Definition 1.3 Let {S'} be a tree of R' -algebras. For each S' , let I' be an ideal of S' . We 
say that {/'} is a tree of ideals if for any arrow bs's"- S' — )• S" in our direct system, we have 
bg,g„I" = I' . We have the obvious notion of inclusion of trees of ideals. In particular, we may 
speak about chains of trees of ideals. 

Examples 1.4 The maximal ideals of the local rings of our system {R'} form a tree of ideals. 
For any non-negative element /3 G F, the valuation ideals V'a C R' of value (3 form a tree 
of ideals of {R'}. Similarly, the i-th prime valuation ideals P^ C R' form a tree. If rk v = r, 
the prime valuation ideals Pi give rise to a chain 

^o = (o)gA'^---e^; = "^' (6) 

of trees of prime ideals of{R'}. 

We discuss this last example in a little more detail and generality in order to emphasize 
our point of view, crucial throughout this paper: the data of a composite valuation is equivalent 
to the data of its components. Namely, suppose we are given a chain of trees of ideals as in ([6]), 
where we relax our assumptions of the P/ as follows. We no longer assume that the chain ([6]) 
is maximal, nor that P/ $ P/+i, even for R' sufficiently large; in particular, for the purposes of 
this example we momentarily drop the assumption that rk v = r. We will still assume, however, 
that Pq = (0) and that P/ = m'. 

Taking the limit in ([61), we obtain a chain 

(0) = mo ^ mi ^ • • • ^ nij. = nij^ (7) 

of prime ideals of the valuation ring R^. 

Similarly, for each \ < i <r one has the equality 

R Ry 

hm — - = — . 

Then specifying the valuation v is equivalent to specifying valuations fo,i^i, . . . , Vri 
where uq is the trivial valuation of K and, for 1 < £ < r, f£ is a valuation of the 



residue field ki^., = K(m^ i), centered at the local ring lim -57 — L— = — "^^^ and taking 

e 

its values in the totally ordered group ^~^ . 

The relationship between z/ and the Vi is that v is the composition 

1/ = i/i o z/2 o • • • o z^j.. (8) 

For example, the datum of the valuation zv, or of its valuation ring R,^, is equivalent to the 

datum of the valuation rine „ " C — — "r^V^ — = K(nir-i) of the valuation Ur of the field 

K{inr_i) and the valuation ring {Ru)uir-i- If we assume, in addition, that for R sufficiently large 
the chain ([6]) (equivalently, ([7])) is a maximal chain of distinct prime ideals then rk v = r and 
rk vi = 1 for each i. 

Remark 1.5 Another way to describe the same property of valuations is that, given a prime 
ideal H of the local integral domain R one builds all valuations centered in R having H as one 
of the Pi by choosing a valuation vi of R centered at H , so that m^^ D R = H and choosing a 
valuation subring R-y of the field —^^ centered at R/H . Then i^ = i^i o X7. 

Note that choosing a valuation of R/H determines a valuation of its field of fractions n{H), 
which is in general much smaller than -^^ . Given a valuation of R with center H , in order to 
determine a valuation of R with center m inducing on R/H a given valuation ^ we must choose 
an extension V of ^ to -^^, and there are in general many possibilities. 

This will be used in the sequel. In particular, it will be applied to the case where a valuation 
V of R extends uniquely to a valuation z)_ of jj for some prime H of R. Assuming that R is an 
integral domain, this determines a unique valuation of R only if the height hi H of H in R is 
at most one. In all other cases the dimension of Rh is at least 2 and we have infinitely many 
valuations with which to compose i>_ . This is the source of the height conditions we shall see in 

m 

Example 1.6 Let ko be a field and K = kQ{{u,v)) the field of fractions of the complete local 
ring R = kQ[[u,v]]. Let T = 7? with lexicographical ordering. The isolated subgroups of T are 
(0) ^ (0) © Z ^ Z^. Consider the valuation u : K* — )• Z^, centered at R, given by 

v{v) = (0,1) (9) 

u{u) = (1,0) (10) 

v{c) = for any c £ k^. (11) 

This information determines v completely; namely, for any power series 

f = ^Capu°'v'^ E ko[[u,v]], 

we have 

v{f) = min{(a,/3) | c^/? ^ 0}. 

We have rk v = rat.rk v = 2. Let A = (0) © Z. Let r+ denote the semigroup of all the 
non-negative elements ofT. Let /co[[r+]] denote the R-algebra of power series '^Ca^pu'^v^ where 
Ca,p G ^0 and the exponents {a,/3) form a well ordered subset ofT^. By classical results (see 



1^, fEi), it is a valuation ring with maximal ideal generated by all the monomials u"v^ , where 
{a, P) > (0, 0) (in other words, either a > 0, f3 £ Z or a = 0, /3 > 0). Then 

is a valuation ring of K , and contains k'^u,v\\; it is the valuation ring of the valuation u. The 
prime ideal mi is the ideal of R^ generated by all the uv^ , /3 G Z. The valuation vi is the 
discrete rank 1 valuation of K with valuation ring 

{Riy)nii = ko[[u,v]](^u) 

and V2 is the discrete rank 1 valuation of kQ({v)) with valuation ring — = kQ[[v]]. 

Example 1.7 To give a more interesting example, let k^ be a field of characteristic zero and 

K = ko{x,y,z) 

a purely transcendental extension of k^ of degree 3. Let w be an independent variable and put 
k = U ^0 (^^ )• Let r = Z © Q with the lexicographical ordering and A = (0) © Q the non- 

trivial isolated subgroup ofT. Let u,v be new variables and let ^i : k{{u,v)) — )• Zf^^ be the 
valuation of the previous example. Let fi2 denote the x-adic valuation of k and put // = //i o ^2- 

oo I 

Consider the map l : k^lx, y, z] — )• k[[u, v]] which sends x to w, y to v and z to u— ^ wT v^ . Let 

i=i 
vi = /iil^ and V = ^\k- 

The valuation v : K* — )■ F is centered at the local ring R = kQ[x,y,z]u,y,z)! ^6 have 

(12) 
(13) 

(14) 

Write as a composition of two rank 1 valuations: v = v\o v^- We have natural inclusions 
Rui C i?^j and ky^ C k^^ = k. We claim that k^-^ is not finitely generated over k^. Indeed, 
if this were not the case then there would exist a prime number p such that wp^ky^. Let 
k' = ko I x(P"i" 1. Let L = k'{y,z). Consier the tower of field extensions K <Z L C k\[u,v\\ and 

let u' denote the restriction of fi to L. Let T' be the value group of v' and k^i the residue field 

P^i 1 . 
of its valuation ring. Now, L contains the element Zp := z — 22 x^y^ as well as -|. We have 

u'izp) = (p, ^^ , (15) 



u{x) = 


-- (0,1) 


^{y) = 


= (1,0), 


u{z) -- 


= (1,1)- 



,' I ££ I — and the natural image of ^ in A;^^ = k is wp . Now, p )( [L : K], [F' : F] | [L : K] 



1 

1 

and [kyi : k^] \ [L : K]. This implies that Zp £ L and wp G k^-^, which gives the desired 
contradicion. 

It is not hard to show that for each j, there exists a local blowing up R ^ R' of R such 
that, in the notation of (0), we have k{P{) = /cq (w^- I o-'^d that K(mi) = lim k{P[) = k. The 



first one is the blowing up of the ideal {y,z)R, localized at the point y = 0,z/y = x. Then one 
blows up the ideal {z/y — x,y), and so on. 

Another way to see the valuation v = ui o 1^2 is to note that vi is the restriction to K of 
the v-adic valuation under the inclusion of fields deduced from the inclusion of rings 

00 1 
which sends x to w, y to v and z to ^2 w^ v^ . Recall that the ring on the right is made of power 

series with non negative rational exponents whose set of exponents is well ordered. We have 

Remark 1.8 The point of the last example is to show that, given a composed valuation as in 
(0^, f^ is a valuation of the field ky^_^, which may properly contain k{P'^_^) for every R' € T. 
This fact will he a source of complication later on and we prefer to draw attention to it from the 
beginning. 

Coming back to the implicit prime ideals, we will see that the implicit prime ideals H[ form a 
tree of ideals of i?^ . 

We will show that if v extends to a valuation of z/„ centered at -p with P n R = (0) then 
the prime P must contain the minimal prime Hq of R. We will then show that specifying an 
extension z>„ of u as above is equivalent to specifying a chain of prime valuation ideals 

HoCH[c---CH2r = m'R' (16) 

of R' such that H'^ C H'^^ for all i G {0, . . . , 2r}, and valuations i)i,i)2, ■ ■ ■ , 02r, where z>'j is a 

valuation of the field kj)-_-^ (the residue field of the valuation ring Rui_-i), arbitrary when i is odd 

and satisfying certain conditions, coming from the valuation vi, when i is even. 

2 
The prime ideals Hi are defined as follows. 

Recall that given a valued ring (i?, i/), that is a subring R C Ry of the valuation ring Ry of a 

valuation with value group F, one defines for each /3 E F the valuation ideals of R associated to 

/?: 

Vp{R) = {x£ R/v{x) > 13} 

V^{R) = {x£ R/u{x) > 13} 
and the associated graded ring 

/3gr ' P ^^> /3er+ ' H ^^> 

The second equality comes from the fact that if /3 G r_ \ {0}, we have Vt{R) = Vp{R) = R. If 
i? — 7- i?' is an extension of local rings such that R <Z R' <Z Ru and my Ci R' = m', we will write 
V'^ for VpiR'). 

Fix a valuation ring Ry dominating R, and a tree T = {R'} of noetherian local R- 
subalgebras of Ry, having the following properties: for each ring R' G T, all the birational 
z^-extensions of R' belong to T. Moreover, we assume that the field of fractions of Ry equals 
limK', where K' is the field of fractions of R'. The tree T will stay constant throughout this 

paper. In the special case when R happens to have the same field of fractions as Ry, we may 
take T to be the tree of all the birational z^-extensions of R. 



Notation 1.9 For a ring R' € T, we shall denote by T{R') the subtree of T consisting of all 
the u-extensions R" of R' . 

We now define 

H2i+i= n ( (limp;ji?'Mf|i?t j ^ 0<^<r-l (17) 

(in the beginning of ^we provide some motivation for this definition and give several elementary 
examples of H[ and H'^). 

The questions answered in this paper originally arose from our work on the Local Uni- 
formization Theorem, where passage to completion is required in both the approaches of [13j 
and [Mj . In [14j , one really needs to pass to completion for valuations of arbitrary rank. One of 
the main intended applications of the theory of implicit prime ideals is the following conjecture. 
Let 

r-^f (18) 

be an extension of ordered groups of the same rank. Let 

(0) = A, C A,_i C . . . C Ao = r (19) 

be the isolated subgroups of T and 

(0) = A, C A,_i C . . . C Ao = f 
the isolated subgroups of F, so that the inclusion (fTSl) induces inclusions 



A^ ^ Ae and (20) 

^^ ^^ (21) 



Let G ^->- G be an extension of graded algebras without zero divisors, such that G is graded by 
r-|_ and G by r_|_. The graded algebra G is endowed with a natural valuation with value group 
r and similarly for G and T. These natural valuations will both be denoted by ord. 

Definition 1.10 We say that the extension G ^^ G is scalewise hirational if for any x G G 

and ^ E {1, . . . , r} such that ord x G A^ there exists y € G such that ord y G A^ and xy G G. 

Of course, scalewise birational implies birational and also that F = F. 

While the main result of this paper is the primality of the implicit ideals associated to a valuation, 
and the subsequent description of the extensions of the valuation to the completion, the main 
conjecture stated here is the following: 

Conjecture 1.11 Assume that dim R' = dim R for all R' G T. Then there exists a tree of 
prime ideals H' of R! with H' n R' = (0) and a valuation j>_, centered at lim ^ and having the 
following property: 
For any i?' G T the graded algebra gr^^^ is a scalewise birational extension of gr^^R' . 



The example given in remark 5.20, 4) of ^14j shows that the morphism of associated graded rings 
is not an isomorphism in general. 

The approach to the Local Uniformization Theorem taken in [13] is to reduce the problem 
to the case of rank 1 valuations. The theory of implicit prime ideals is much simpler for valuations 
of rank 1 and takes only a few pages in Section [2l 

The paper is organized as follows. In ^we define the odd-numbered implicit ideals -^2^+1 
and prove that H2i+ir\R = Pi. We observe that by their very definition, the ideals H2e+i behave 
well under I'-extensions; they form a tree. Proving that i?2£+i is indeed prime is postponed until 
later sections; it will be proved gradually in §11-^ In the beginning of ^ we will explain in 
more detail the respective roles played by the odd-numbered and the even-numbered implicit 
ideals, give several examples (among other things, to motivate the need for taking the limit with 
respect to R' in (fT7|l ) and say one or two words about the techniques used to prove our results. 

In ^ we prove the primality of the implicit prime ideals assuming a certain technical con- 
dition, called stability, about the tree 7~ and the operation K It follows from the noetherianity 
of R^ that there exists a specific R' for which the limit in (J17p is attained. One of the main points 
of ^ is to prove properties of stable rings which guarantee that this limit is attained whenever 
R' is stable. We then use the excellence of R to define the even-numbered implicit prime ideals: 
for i = 21 the ideal H2e. is defined to be the unique minimal prime of PiR\ contained in -^2^+1 
(in the case R^ = R it is the excellence of R which implies the uniqueness of such a minimal 
prime). We have 

H2enR = Pe 

for i E {0, . . . , r}. The results of ^ apply equally well to completions, henselizations and 
other local etale extensions; to complete the proof of the primality of the implicit ideals in 
various contexts such as henselization or completion, it remains to show the existence of stable 
i/-extensions in the corresponding context. 

In ^ we describe the set of extensions ul_ of u to lim 7^^,^ , where P' is a tree of prime 

ideals of R such that P' H R' = (0). We show (Theorem 15. 6p that specifying such a valuation 
z^l is equivalent to specifying the following data: 

(1) a chain (J16p of trees of prime ideals H- of R (where Hq = P'), such that H^ C H^ for 
each i and each R' G T, satisfying one additional condition (we will refer to the chain ()16p as 
the chain of trees of ideals, determined by the extension i'_) 

(2) a valuation uj of the residue field k t of iyj_i, whose restriction to the field lim k{H[_^) 

h' 
is centered at the local ring lim — S^ . 

R' '-^ Hi 

li i = 2£ is even, the valuation uj must be of rank 1 and its restriction to K(m^_i) must 
coincide with u^. 

Notice the recursive nature of this description of u_: in order to describe uj we must know 
u] 1 in order to talk about its residue field k t 

% — 

In ^ we address the question of uniqueness of v\ . We describe several classes of extensions 
ij_ which are particularly useful for the applications: minimal and evenly minimal extensions, 
and also those i^l for which, denoting by ht / the height of an ideal, we have 

ht ^^^+1 - ht ^^^ < 1 for < ^ < r; (22) 



-1 



in fact, the special case of (|22p which is of most interest for the apphcations is 

H21 = H'^a+i for 1 < £ < r. (23) 

We prove some necessary and some sufficient conditions under which an extension v_ whose cor- 
responding ideals H[ satisfy (p3]) is uniquely determined by the ideals H[. We also give sufficient 
conditions for the graded algebra gr^R' to be scalewise birational to gr^^R' for each R' G T- 
These sufficient conditions are used in ^to prove some partial results towards Conjecture 11.111 

In ^ we show the existence of i/-extensions in T, stable for henselization, thus reducing 
the proof of the primality of H21.+1 to the results of ^ We study the extension of i^ to i? modulo 
its first prime ideal and prove that such an extension is unique. 

In ^ we use the results of ^ to prove the existence of z/-extensions in T, stable for 
completion. Combined with the results of ^ this proves that the ideals -f^2£+i are prime. 

In ^we describe a possible approach and prove some partial results towards constructing 
a chain of trees ()16p of prime ideals of R! satisfying ()23p and a corresponding valuation i)_ which 
satisfies the conclusion of Conjecture 11.111 We also prove a necessary and a sufficient condition 
for the uniqueness of z>_, assuming Conjecture 11.111 

We would like to acknowledge the paper [5j by Bill Heinzer and Judith Sally which inspired 
one of the authors to continue thinking about this subject, as well as the work of S.D. Cutkosky, 
S. El Hitti and L. Ghezzi: [3j (which contains results closely related to those of ^ and [2j. 

2 Extending a valuation of rank one centered in a local domain 
to its formal completion. 

Let (i?, M, A;) be a local noetherian domain, K its field of fractions, and v : K ^ r+ U {00} a 
rank one valuation, centered at R (that is, non-negative on R and positive on M). 

Let R denote the formal completion of R. It is convenient to extend z^ to a valuation 
centered at -0, where H is a. prime ideal of R such that H r\ R = {0). In this section, we 
will assume that v is of rank one, so that the value group F is archimedian. We will explicitly 
describe a prime ideal H of R, canonically associated to z^, such that H OR = (0) and such that 
u has a unique extension z)_ to ^. 

Let $ = ^{R \ (0)), let "P^ denote the z^-ideal of R of value /3 and Vt the greatest j/-ideal, 
properly contained in Vjs- We now define the main object of study of this section. Let 

H:=f]iVpR). (24) 

Remark 2.1 Since R is noetherian, we have v{M) > and since the ordered group T is archi- 
median, for every /? G $ there exists n G N such that M" <Z Vp. In other words, the M-adic 
topology on R is finer than (or equal to) the u-adic topology. Therefore an element x £ R lies 
in VpR <J=^ there exists a Cauchy sequence {x„} C R in the M-adic topology, converging 
to x, such that iy{xn) > (3 for all n <;=^ for every Cauchy sequence {x„} C R, converging 
to X, v{xri) > /? for all n >> 0. By the same token, x £ H <;=> there exists a Cauchy se- 
quence {xn} C R, converging to x, such that lim z/(a;„) = 00 <;=^ for every Cauchy sequence 

{xn} C R, converging to x, lim ^{xn) = 00. 
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Example 2.2 Let R = k[u,v\i^^^\. Then R = k[[u,v\\. Consider an element w = u — ^ CiV^ S 
R, where Ci G k* for all i G N, such that w is transcendental over k{u,v). Consider the infective 

oo 

map i : k[u,v\i^^^\ — )• k^t]\ which sends v to t and u to Yl Cjt*- Let v he the valuation induced 

i=l 

from the t-adic valuation ofk[[t]] via l. The value group of i' is Z and <l> = Nq. For each /3 E N, 
Vf^= lv^,u- Y. Civ' j . Thus H = {w). 

We come back to the general theory. Since the formal completion homomorphism R ^ R 
is faithfully flat, 

V(sR r\R = Vfi for all /3 G $. (25) 

Taking the intersection over all /3 £ ^, we obtain 

HnR=lf]{VpRUnR=f]V^ = {0), (26) 

\/3G<I> / /3G* 

In other words, we have a natural inclusion R^^ ^. 

Theorem 2£ H is a prime ideal of R. 
2. V extends uniquely to a valuation i>_, centered at jj. 

Proof.- Let x S ^ \ {0}. Pick a representative x of x in R, so that x = x mod H. Since 
x^H, we have x^VaR for some a G <i>. 

Lemma 2.4 (See [18], Appendix 5, lemma 3) Let u he a valuation of rank one centered in a 
local noetherian domain {R, M, k) . Let 

$ = zv(fi\(o)) cr. 

Then $ contains no infinite hounded sequences. 

Proof.- An infinite ascending sequence ai < 02 < . . . in $, bounded above by an element 
/? G $, would give rise to an infinite descending chain of ideals in i§-. Thus it is sufficient to 

prove that 4^ has finite length. 

Let 5 := u{M) = min(<l> \ {0}). Since $ is archimedian, there exists n G N such that 
/? < nS. Then M"' C P/3, so that there is a surjective map -^ -^ ^. Thus ^ has finite length, 
as desired. D 

By Lemma 12.41 the set {/3 G <1* | /3 < a} is finite. Hence there exists a unique /? G <1* such 
that 

xeVpR\V^R. (27) 

Note that /3 depends only on x, but not on the choice of the representative x. Define the function 
z)_ : I \ {0} ^ <!> by 

i>_(x) = /3. (28) 

By ([25]), if xG -R\{0} then 

i>_(x) = i/(x). (29) 
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It is obvious that 

z>_(x + y) > min{z>_(x), z>_(y)} (30) 

i>_(xy) > z)_(x) + v-{y) (31) 

for all X, y € ^. The point of the next lemma is to show that ^ is a domain and that i>_ is, in 
fact, a valuation (i.e. that the inequality (J3T]) is, in fact, an equality). 

Lemma 2.5 For any non-zero x,y £ ^, we have xy ^ and i>-{xy) = i>_(x) + i>^{y). 

Proof.- Let a = j^-(x), /3 = z^_(y). Let x and y be representatives in i? of x and y, 
respectively. We have MVa C V^ , so that 

l^a r^ ra r^ T^a , r^ I a ^ ^ rgU ^ 1 gK , , 

^RK = — r OiJ -—7- = — — ,,^.- = ^4, ' ) (-3^) 



P+ V+ + MVa V+ " V+ " MR {V+ + MVa)R V+R' 

and similarly for /3. By ([32]) there exist z £ Pq,, t/; G P^g, such that z = x mod P^i? and 
w = y mod Vt R. Then 

xy = zii; mod "P^^gR. (33) 

Since i/ is a valuation, 1^(2;^) = a + (3, so that zu) G 'Pa+^ \ ^^-f «• -^^ (p^ and ([55]) . this proves 
that xy G 'Pa-^i3R\V^_^_gR. Thus xy^H (hence xy 7^ in ^) and i>-{xy) = a + /3, as desired. D 
By Lemma 12.51 i:f is a prime ideal of R. By ()30|) and Lemma 12.51 z)_ is a valuation, 
centered at -^ . To complete the proof of Theorem 12.3] it remains to prove the uniqueness of u- . 
Let X, X, the element a G $ and 

zeVa\V+ (34) 

be as in the proof of Lemma |2. 51 Then there exist 

ui,...,Un G P+ and 
vi,...,Vn eR 

n n - 

such that X = z + ^ UiVi. Letting Vi := vi mod H, we obtain x = z + ^ "UjVj in ^. Therefore, 

1=1 i=l 

by ([5^ ~ ([55] ). for any extension of z^ to a valuation i>^, centered at ^, we have 

v'-{x) = a = i>-{x), (36) 

as desired. This completes the proof of Theorem 12.31 D 

Definition 2.6 The ideal H is called the implicit prime ideal of R, associated to u. When 
dealing with more than one ring at a time, we will sometimes write H[R,u) for H. 

More generally, let z^ be a valuation centered at R, not necessarily of rank one. In any 
case, we may write i^ as a composition v = ^2° l^-i, where fi2 is centered at a non-maximal prime 



ideal P of R and /ii 



R is of rank one. The valuation ^1 



R is centered at -S. We define the 
p ^ 



implicit prime ideal of R with respect to v^ denoted H{R, v), to be the inverse image in R of 



p 
to assume that i^ is of rank one. 



the implicit prime ideal of p with respect to /^i 



R . For the rest of this section, we will continue 
p 
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Remark 2.7 By ^33\) . we have the following natural isomorphisms of graded algebras: 

gr^R =gr^_§ 

We will now study the behaviour of H under local blowings up of R with respect to 
V and, more generally, under local honiomorphisms. Let vr : {R, M) — t- (i?', M') be a local 
homomorphism of local noetherian domains. Assume that v extends to a rank one valuation 
u' : i?' \ {0} — )• r', where F' D F. The homomorphism vr induces a local homomorphism 
vr : ^ -^ ^' of formal completions. Let $' = v'{R' \ {0}). For /3 G $', let V'^ denote the i^'-ideal 
of Ri,i of value /3, as above. Let H' = H{R', v'). 

Lemma 2.8 Let /3 G <1>. Then 

(v'pR') nR = VpR. (37) 

Proof.- Since by assumption u' extends v we have V'o D R = Vp and the inclusion 

\V'pR!)r\R^VpR. (38) 



We will now prove the opposite inclusion. Take an element x G yVgR'] n R. Let {xn} C i? be 

a Cauchy sequence in the M-adic topology, converging to x. Then {vr(j;„)} converge to tt{x) in 
the M'-adic topology of R' . Applying remark [2. II to R\ we obtain 

v{xn) = u'{TT{xn)) > P for n > 0. (39) 

By (f39l) and Remark [221 applied to i?, we have x G V/iR. This proves the opposite inclusion in 
(1381) . as desired. D 



Corollary 2.9 We have 

H'nR = H. 

Proof.- Since v' is of rank one, $ is cofinal in ^'. Now the Corollary follows by taking 
the intersection over all (3 €z ^ in (|37|) . D 

Let J be a non-zero ideal of R and let R ^ R' he the local blowing up along J with 
respect to z^. Take an element f G J, such that i^(/) = i^i-J)- By the strict transform of J in 
R' we will mean the ideal 



jstr — Q ((jR'\ : /*) = (JR'^ n R' 



If g is another element of J such that z^((7) = z^( J) then j/ ( i j = 0, so that ^ is a unit in R'. 
Thus the definition of strict transform is independent of the choice of /. 

Corollary 2.10 H'^'' C H' . 



Proof.- Since HR' C H', we have H""^' = [HR'A n R' C [H'R'A n R' = H' , where the 
last equality holds because H' is a prime ideal of R' , not containing /. D 
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Using Zariski's Main Theorem, it can be proved that H^^^ is prime. Since this fact is not 
used in the sequel, we omit the proof. 

Corollary 2.11 Let the notation and assumptions be as in corollary \2.1(K Then 

ht H' > ht H. (40) 

In particular, 

R R / A \ 

dim -— < dim — . (41) 

ti ti 

Proof.- Let R := { R ^r R' I . Let 6 denote the natural local homomorphism 

V J M'R'nimiiR') 

R^ R'. 

Let H := H' DR. Now, take f £ J such that i^(/) = t^{J)- Then f^H' and, in particular, f^H. 
Since R'r = Rf , we have Rf = Rj . In view of Corollary 12.91 we obtain HRf = HRf , so 

ht i7 = ht H. (42) 

Now, ^ is a local noetherian ring, whose formal completion is R' . Hence (j) is faithfully flat and 
therefore satisfies the going down theorem. Thus we have ht H' > ht H. Combined with (I42p . 
this proves (j40p . As for the last statement of the Corollary, it follows from the well known fact 
that dimension does not increase under blowing up (|12j. Lemma 2.2): we have dim R' < dim R, 
hence 

dim R' = dim R' < dim R = dim R, 

and (I4ip follows from (I40p and from the fact that complete local rings are catenarian. D 

It may well happen that the containment of corollary 12.101 and the inequality in ()40p are 
strict. The possibility of strict containement in corollary 12.101 is related to the existence of 
subanalytic functions, which are not analytic. We illustrate this statement by an example in 
which i/^*'' C H' and ht H <h.t H'. 

Example 2.12 Let k be a field and let 

R = k[x,y, z\i^x,y,z)j 
R' =k[x\y',z\^,^y,^^,), 

where x' = x, y' = ^ and z' = z. We have K = k{x, y,z), R = k'^x, y, z\\, R! = k\[x\ y', z']]. Let 

oo 

ti,t2 be auxiliary variables and let ^ Cit\ (with Ci G k) be an element of k'^ti\\, transcendental 

i=l 

overk{ti). LetO denote the valuation, centered atk\\ti,t2\\, defined byO{ti) = 1, 9{t2) = \/2 (the 

value group of 6 is the additive subgroup ofH, generated by 1 and y^). Let l : R' ^^ ^[[^17^2]] 

00 
denote the injective map defined by i{x') = t2, i{y') = ti, i{z') = ^ Cit\. Let u denote the 

4 = 1 

restriction of 9 to K, where we view K as a subfield of k{{ti,t2)) via i. Let <I> = v{R \ {0}); 
$' = v{R' \ {0}). For (3 G $', PL is generated by all the monomials of the form x'"y''^ such that 

i 

v2a + 7 > /?, together with z' — ^ c^y'"', where i is the greatest non-negative integer such that 

i=i 
i</3. 

00 

Let w' ■= z' -J2 ay"- Then H' = {w'), but H = H' n R = (0), so that H'^'~ = (0) ^ H' 
andht i7 = < 1 =ht H' . 
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Recall the following basic result of the theory of G-rings: 

Proposition 2.13 Assume that R is a reduced G-ring. Then Rh is a regular local ring. 

Proof.- Let K = R-p^ = k{Vqo) (here we are using that R is reduced and that "Poo is 
a minimal prime of R). By definition of G-ring, the map i? — )• -R is a regular homomorphism. 
Then by (j26p Rh is geometrically regular over K, hence regular. D 



Remark 2.14 Having extended in a unique manner the valuation u to a valuation i)_ of jj, 
we see that if R is a G-ring, by Proposition \2.13\ there is a unique minimal prime Voo of R 
contained in H, corresponding to the ideal (0) in Rh- Since H nR= {0), we have the equality 

■Poo n i? = (0) . Choosing a valuation a of the fraction field of ^ 'i centered at ^ 'i whose 
value group '^ is a free abelian group produces a composed valuation i>_ o /x on -J^ with value 

Poo 

group ^ ^ r ordered lexicographically, as follows: 

Given x G :^, let ijj = fj.{x) and blow up in R the ideal V^ along our original valuation, obtaining 

a local ring R' . According to what we have seen so far in this section, in its completion R! we 
can write x = ye with /x(e) = ■0 <ind y €z R' \ H' . The valuation v on R' extends uniquely to a 
valuation of jjr, which we may still denote by v- because it induces u- on ■^. Let us consider 
the image y of y in ^. Setting (i>_o/i)(x) = ^'©^-(y) ^ ^©T determines a valuation of J^ 
as required. 

If we drop the assumption that ^ is a free abelian group, the above construction still works, 
but the value group T of i)- o ^ need not be isomorphic to the direct sum ^©T. Rather, we 
have an exact sequence 0— )-r— )-r— )-^— t-O, which need not, in general, be split; see |15j . 
Proposition 4.3. 

In the sequel we shall reduce to the case where R is an integral domain, so that Poo = (0) and 
we will have constructed a valuation of R. 

3 Definition and first properties of implicit ideals. 

Let the notation be as above. Before plunging into technical details, we would like to give 
a brief and informal overview of our constructions and the motivation for them. Above we 
recalled the well known fact that \i rk u = r then for every I'-extension R ^ R' the valuation u 
canonically determines a flag ([6]) of r subschemes of Spec R' . This paper shows the existence of 
subschemes of Spec R, determined by v, which are equally canonical and which become explicit 
only after completion. To see what they are, first of all note that the ideal P/-R', for R' ^ T 
and < £ < r — 1, need not in general be prime (although it is prime whenever R' is henselian). 
Another way of saying the same thing is that the ring -§7 need not be analytically irreducible in 
general. However, we will see in ^ (resp. ^ that the valuation v picks out in a canonical way 
one of the minimal primes of P/-R' (resp. P^R'). We call this minimal prime -ffg^ fo'^ reasons 
which will become apparent later. By the flatness of completion (resp. henselization) , we have 
H'^^ D R' = P^. We will show that the ideals 11!^^ form a tree. 
Let 

(0) = A, C A,,_i C . . . C Ao = r (43) 

be the isolated subgroups of F. There are other ideals of R, apart from the Il2e, canonically 
associated to v, whose intersection with R equals P^, for example, the ideal f] VpR. The same 
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is true of the even larger ideal 



3GA, V V iJ' / / 



H2e+i= f 1 I {limr'0R']l]R], (44) 

(that H2i+i r\R = Pi\s easy to see and will be shown later in this section, in Proposition I3.5p . 

While the examples below show that the ideal f] VpR need not, in general, be prime, the ideal 

/3eAf 
H21+1 always is (this is the main theorem of this paper; it will be proved in ^. The ideal -^2^+1 
contains H2i but is not, in general equal to it. To summarize, we will show that the valuation 
u picks out in a canonical way a generic point H2i of the formal fiber over P^ and also another 
point H21+1 in the formal fiber, which is a specialization of i?2£- 

The main technique used to prove these results is to to analyze the set of zero divisors of 
,„,! (where R^ stands for either R, R, or a finite type etale extension R'^ of R), as follows. We 

show that the reducibility of , x is related to the existence of non-trivial algebraic extensions 

of k{Pi) inside n{Pi) ®r R^ ■ More precisely, in the next section we define R to be stable if 
p T,\ is a domain and there does not exist a non-trivial algebraic extension of k(P£+i) which 
embeds both into k{Pij^i) (8)/j i?^ and into k(P^' , ^) for some R' G T. We show that if R is stable 
then ^, „,t is a domain for all R' G T- For (3 G ^r — , let 

V-0= {xe R I v{x) mod A^^+i > ^} (45) 

If ^ denotes the semigroup i^(-R\ {0}) C F, which is well ordered since R is noetherian (see [ZS], 
Appendix 4, Proposition 2), and 

/3(£) = min{7 G $ | /3 - 7 G A^+i} 

thenP^ = P^(;). 

We have the inclusions 

PicV^cPi+i, 

and V-g is the inverse image in R by the canonical map i? — )• -p- of a valuation ideal V^ C -p- for 
the rank one valuation -p- \ {0} — )• ^ ^ induced by z^^+i. 

We will deduce from the above that if R is stable then for each B G a ' and each v- 
extension R ^ R' we have V^R Ci R^ = V-gR\ which gives us a very good control of the limit 

in the definition of H2e+i and of the z^-extensions R' for which the limit is attained. 

We then show, separately in the cases when R^ = R (^ and R^ = R (®, that there 
always exists a stable z/-extension R' G T- 

We are now ready to go into details, after giving several examples of implicit ideals and 
the phenomena discussed above. 

Let < i < r. We define our main object of study, the {2i + l)-st implicit prime ideal 
H2e+i C i^^ by 



BeAe \\R' I J 



(46) 
/3eA, ' ' 

where R' ranges over T. As usual, we think of ()46p as a tree equation: if we replace R by any 
other R" G T in (|46|) . it defines the corresponding ideal H'^^,^ C i?"^. Note that for i = r 
reduces to 

H2r+i = mR'^ . 
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We start by giving several examples of the ideals H^ (and also of H'-, which will appear a little 
later in the paper). 

Example 3.1 Let R = k[x,y, zj/^^y^^)- Let u be the valuation with value group T = Zf^^, defined 

oo 

as follows. Take a transcendental power series Yl ^j'^'' ^^ ^ variable u over k. Consider the 

oo 

homomorphism R ^^ k[[u,v]] which sends x to v, y to u and z to Yl CjuK Consider the 

valuation v, centered at /;;[[«, u]], defined by i'{v) = (0,1) and ^{u) = (1,0); its restriction to 
R will also be denoted by v, by abuse of notation. Let Ry denote the valuation ring of v in 
k{x,y,z) and let T be the tree consisting of all the local rings R' essentially of finite type over 
R, birationally dominated by Ry. Let ' = " denote the operation of formal completion. Given 
P = {a,b) G '^fex' ^^ have Vp = x^ {y"',z — ciy — ■■■ — Ca_iy°~^). The first isolated subgroup 

Ai = (0) e Z. Then f] (VpR) = {y,z) and f] ('^1^^) = ( -^ - E (^jV^ ]■ ^t is not 
/3e(o)ffiZ ^ ^ /3er=Ao ^ ^ V i=i / 

/ oo .\ 

hard to show that for any R' ^ T we have H'l = \ z — Y ^jV'' ^' '^'^'^ ^^^^ ^3 — iv^ z)R. R 

V 3=1 J 

will follow from the general theory developed in '^that v admits a unique extension i) to limi?'. 
This extension has value group T = Z^^^. and is defined by v{x) = (0,0,1), z)(y) = (0,1,0) 
and v \ z — Yi ^jV'' — (1)0,0). For each R' £ T the ideal H[ is the prime valuation ideal 

V j=i J 

corresponding to the isolated subgroup (0) © '^fex ^f ^ (that is, the ideal whose elements have 
values outside of (0) ® '^f^x) while H^ is the prime valuation ideal corresponding to the isolated 
subgroup (0) © (0) © Z. 

oo 

Example 3.2 Let R = k[x,y, z](^x y z)j ^ = '^'iex> ^^^ power series ^ CjU^ and the operation 
^ = ^ be as in the previous example. This time, let v be defined as follows. Consider the 

oo 

homomorphism R M- A;[[m, w]] which sends x to u, y to Yl Cj^"' '^''^d z to v. Consider the 

valuation v, centered at k\\u,v\\, defined by ^{v) = (1,0) and ^{u) = (0,1); its restriction to R 
will be also denoted by v. Let R^ denote the valuation ring of v in k{x, y, z) and let T be the 
tree consisting of all the local rings R' essentially of finite type over R, birationally dominated by 
Ry. Civen (i = (a, h) G Z^^^, we have "P/j = z"" (x^, y — cix — ■ ■ ■ — cb-ix^~^) . The first isolated 

subgroup Ai = (0) © Z. Then f] (VpR) = f y - £ c^x^.z] and fl (VpR) = (0). R 

( °° \ ^ 

is not hard to show that for any R' ^ T we have H[ = (0) and that H^ = 2/ ~ E CjX^ , z \ R' . 

V ^=1 / 

In this case, the extension i> to liniij' is not unique. Indeed, one possible extension u^^' has 

value group T = Z^^^ and is defined by i)^^'{x) = (0,0,1), 0^^' \y~Y ^j^'' 1 ~ (0,1,0) and 

{/^"^'{z) = (1,0,0). In this case, for any R' ^ T the ideal H^ is the prime valuation ideal 
corresponding to the isolated subgroup (0) © (0) © Z ofT. 
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Another extension i>^'^> of v is defined by i>^'^'{x) = (0,0, 1), i>^'^' I y — Yl ^j^'' 1 = (1)0, 0) 

and j>'^^(z) = (0,1,0). In this case, the tree of ideals corresponding to the isolated subgroup 
(0) © (0) © Z is H^ (exactly the same as for i)^^' ) while that corresponding to (0) © Z^g^ is 

H[= y — ^ CjX^ . The tree H[ of prime u^'^' -ideals determines the extension u^"^' completely. 

The following two examples illustrate the need for taking the limit over the tree T. 

Example 3.3 Let us consider the local domain S = , ajj,i_'^3-) ■ There are two distinct valua- 
tions centered in {x,y). Let Oi G k, i >2 be such that 

y + X + y^ OiX^ I y — x — >^ OjX* = y^ — x^ — x^. 

i>2 J \ i>'i ) 

We shall denote by vj^ the rank one discrete valuation defined by 

i/^(x) = u^iy) = 1, 
v+{y + x) = 2, 



( ^ A 



Now let R = J J .j^y:f> , Let T = 7i with the lexicographical ordering. Let v be the composite 
valuation of the {z)-adic one with Vj^, centered in Mr. The point of this example is to show that 

HWi = n ^/3^ 

/3eAf 

does not work as the definition of the {21 -\-l)-st implicit prime ideal because the resulting ideal 
-f^2£+i ^'^ '^'^^ prime. Indeed, as V(^a,o) = (-2"); w^ have 

Hl= n ^(a,6)^=(0). 

(a,6)eZ2 

Let f = y + X + Yl Oi^% 9 = y ~ X ~ Y2i ^i^^ ^ ^- Clearly f, g^H^ = (0), but f ■ g = 0, so the 

i>2 i>2 

ideal H^ is not prime. 

One might be tempted (as we were) to correct this problem by localizing at H2£j^^. Indeed, 
if we take the new definition of LL^^,^ to be, recursively in the descending order of i, 

\/3eA, / 

then in the present example the resulting ideals H^ = (z, /) and H^ = (/) are prime. However, 
the next example shows that the definition ( f^Tj ) also does not, in general, give rise to prime 
ideals. 
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Example 3.4 Let R = , i'^'ir^^'ll ■ Let F = Z with the lexicographical ordering. Let t he an 
independent variable and let v he the valuation, centered in R, induced hy the t-adic valuation of 
k [[t^]] under the injective homomorphism i : R^^ k \_\t^Y\ , defined hy l{x) = t^^'^' , L{y) = t'^^'^' 

and l{z) = ^^-^''^^vl + t('^'^). The prime u -ideals of R are (0) ^ Pi $ m, with Pi = {y,z). We 

have n VpR = {y,z)R = PiR and f] 7^/3%,^) = fl 'PpR = (0)- Note that the ideal (0) is 

/3eAi /3er ' /3er 

not prime in R. Now, let R' = R - , where m' = [x,y,- — 1] is the center of u in R 



y 



We have z — y^Jl + x £ R\ "^(2,0)-^- On the other hand, z — y\^l + x = y ( f — V^ + x) = in 



R' ; in particular, z — y\/l + x G P| VoR! . Thus this example also shows that the ideals VpR, 

/3er 

Pi VfiR and P| VjsRh^i+s do not hehave well under hlowing up. 

Note that both Examples 13.31 and 13.41 occur not only for the completion R but also for the 
henselization R. 

We come back to the general theory of implicit ideals. 

Proposition 3.5 We have H2i+i H R = Pe. 

Proof.- Recall that P^ = {x £ R \ i/(x)^A^}. If x G P^ then, since A^ is an isolated subgroup, 
we have x G Vjj for all /? G A^. The same inclusion holds for the same reason in all extensions 
R' C Ru oi R, and this implies the inclusion Pi C H2H+1 ^ R- Now let x be in H2t+i ^ R and 
assume x^P^. Then there is a /3 G A^ such that x^Vp. By faithful flatness of i?^ over R we have 
VpW n R = Vp. This implies that x^V/sR, and the same argument holds in all the extensions 
R' G T, so X cannot be in H2i+i PI R. This contradiction shows the desired equality. D 

Proposition 3.6 The ideals P^2£+i ^^^o,ve well under v-extensions R ^ R' in T . In other 
words, let R ^ R' he a u -extension in T and let H!^^,^ denote the {2i + l)-st implicit prime 
ideal of R' . Then H21+1 = -f^2£+i ^ ^^ ■ 

Proof.- Immediate from the definitions. D 

To study the ideals H2e+i, we need to understand more explicitly the nature of the limit 

appearing in ()46p . To study the relationship between the ideals PpR^ and PaR f~\R^, it is 

useful to factor the natural map i?^ — t- R'' as R"^ — t- {R^ ^r R')m' ~^ R a-s we did in the proof 
of Lemma ll. 21 In general, the ring R'^ (^ji R' is not local (see the above examples), but it has 
one distinguished maximal ideal M', namely, the ideal generated by mR^ (8) 1 and IfSmi', where 
m' denotes the maximal ideal of R'. The map (j) factors through the local ring (^R^ iS>r -?^')m' 
and the resulting map [R' (^r ^J m' ~^ ^^ either the formal completion or the henselization; 
in either case, it is faithfully flat. Thus P^-R'"^ n {R^ ®r R') j^j, = P'p {R^ ®r -R')m'- ^^^^ shows 
that we may replace R by (i?^ ^r R') ^p in ([Ml) without affecting the result, that is, 

H2,+i = n ( ( iHi^^^ (^^ ®R ^') Af ) n ^M • (48) 

^eA^ \\r' J J 



From now on, we will use ()48p as our working definition of the implicit prime ideals. One 
advantage of the expression (|48|) is that it makes sense in a situation more general than the 
completion and the henselization. Namely, to study the case of the henselization R, we will need 
to consider local etale extensions R^ of R, which are contained in R (particularly, those which 
are essentially of finite type). The definition (|48p of the implicit prime ideals makes sense also 
in that case. 
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4 Stable rings and primality of their implicit ideals. 

Let the notation be as in the preceding sections. As usual, R^ wih denote one of i?, R or R'^ (a 
local etale z/-extension essentially of finite type). Take an i?' G 7" and /3 G ^ ^ . We have the 
obvious inclusion of ideals 

V-^R^ C VjR'^ n R^ (49) 

(where V^ is defined in ()45p l. A useful subtree of T is formed by the ^-stable rings, which we 
now define. An important property of stable rings, proved below, is that the inclusion (|49p is 
an equality whenever R' is stable. 

Definition 4.1 A ring R' G T{R) is said to be i-stable if the following two conditions hold: 

(1) the ring 

k{P'^®r{r!®rR^)^^^ (50) 

is an integral domain and 

(2) there do not exist an R" G T{R') and a non-trivial algebraic extension L of k{P^) 
which embeds both into k (P^) (E)ji [R' (g)^ ^^)m' '^'^^ ^{^i)- 

We say that R is stable if it is i-stable for each i G {0, . . . , r}. 

Remark 4.2 (1) Rings of the form I150\) will be a basic object of study in this paper. Another 
way of looking at the same ring, which we will often use, conies from interchanging the order 
of tensor product and localization. Namely, let T' denote the image of the multiplicative system, 
(i?' ®R i?') \ M' under the natural map R! 0ji R' ^f k (P^) (8)/j i?' . Then the ring I150\) equals 
the localization (T')"^ («^(-Pf) Or-R"^)- 

(2) In the special case R' = R in Definition \4.1\ we have 

f^ {Pi) ^R [r' ^r R^)^^^ = ^ (Pe) ^R R^- 

If, moreover, -p- is analytically irreducible then the hypothesis that k {Pe)^RR^ is a domain holds 
automatically; in fact, this hypothesis is equivalent to analytic irreducibility of ^ if R^ = R or 

R^ = R. 

(3) Consider the special case when R' is Henselian and ^ = ". Excellent Henselian rings 
are algebraically closed inside their formal completions, so both (1) and (2) of Definition \4-l\ 
hold automatically for this R' . Thus excellent Henselian local rings are always stable. 

In this section we study ^-stable rings. We prove that if R is ^-stable then so is any R' G T{R) 
(justifying the name "stable"). The main result of this section. Theorem 14. 9| says that if R is 
stable then the implicit ideal -f^2^ i ^ is prime for each i G {0, ■ ■ ■ ,r} and each R' G T{R). 

Remark 4.3 In the next two sections we will show that there exist stable rings R' £ T for 
both R^ = R and R^ = R^. However, the proof of this is different depending on whether we 
are dealing with completion or with an etale extension, and will be carried out separately in two 
separate sections: one devoted to henselization, the other to completion. 

Proposition 4.4 Fix an integer i, < i < r. Assume that R' is i-stable and let R" G T{R'). 
Then R" is (.-stable. 
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Proof.- We have to show that (1) and (2) of Definition HTT] for R' imply (1) and (2) of Definition 
Ofor i?". The ring 

>,{P'^)®r{b"®rR^)^^^^ (51) 

is a localization of k(P/) ®r (k(P/) i^r [R' 0rR'^)j^,). Hence (1) and (2) of Definition KT\ 
applied to R', imply that k (P/) (8)^ {R" (^r i?^)^^,, is an integral domain, so (1) of Definition 14. II 
holds for R". Replacing R' by R" clearly does not affect the hypotheses about the non-existence 
of the extension L, so (2) of Definition 14.11 also holds for R". D 

Next, we prove a technical result on which much of the rest of the paper is based. For 
^esf^,let 

V-^^ = {x £ R \ iy{x) mod Ai+i> 13} . (52) 

As usual, V^ will stand for the analogous notion, but with R replaced by R', etc. 

Proposition 4.5 Assume that R itself is {i + l)-stable and let R' G T{R). 



1. For any (3 G 



f+i 



r^R'^ n R^ = VpRl (53) 



2. For any /? G -^ — the natural map 



I p't 



V-^R^ V'-R 



V-,^m VL^R!^ 



(54) 



/3H 



is injective. 



Proof.- As explained at the end of the previous section, since R'' is faithfully flat over the ring 
[R^ ^r R') j^,, we may replace R by (i?^ ^r R') ^p in both 1 and 2 of the Proposition. 
Proof of 1 of the Proposition: It is sufficient to prove that 

VL{R^®RR')^^^i^R^ = VjR^. (55) 

One inclusion in (|55p is trivial; we must show that 

VL{r^<^rR!)^^^[^R^ciVjRI (56) 



Lemma 4.6 Let T' denote the image of the multiplicative set (P' (^r P^) \M' under the natural 
map of R- algebras R' (>Sir R^ — )• ^/ J^"^ ®r R^ ■ Then the map of R- algebras 



Tf : ^^ (^R Pt -, iT'r' ( :^,n^ ^R R^ 1 (57) 

induced by ir : R ^- R' is injective. 



^j^Pi+^ y^n^n^. 
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Proof .- (of Lem.ma \4.6\ ) We start with the field extension 

induced by ir. Since R^ is flat over R, the induced map tti : k{P£^i) (^/j R^ — )• k{P^_^-^) ^^ R^ is 
also injective. By (1) of Definition 14.11 t^iPi^i) ®/? R is a domain. In particular, 

K (p;+i) ®R fit = I ^^1^ ®K fit J . (58) 

V /3 J^f'+i / red 

The local ring „; p^^"^ is artinian because it can be seen as the quotient of niJ*^ by a valuation 

P e+i e+i 

ideal corresponding to a rank one valuation. Since the ring is noetherian the valuation of the 

maximal ideal is positive, and since the group is archimedian, a power of the maximal ideal is 

contained in the valuation ideal. 

p' R' 

Therefore, its only associated prime is its nilradical, the ideal „; „; ^"""^ ; in particular, the 

R'p, 
(0) ideal in this ring has no embedded components. Since fit is flat over R, „, J'^^ (gj/j fit 

R'p, R'p, 

is flat over „, jS,^^ by base change. Hence the (0) ideal of ^i Ji^^ ^r R* has no embedded 

fl" P' ~B P' 

p t+1 p l+l 



components. In particular, since the multiplicative system T' is disjoint from the nilradical of 
<)ji fit, the set T' contains no zero divisors, so localization by T' is injective. 



R'p, 



■p' R' 
13 P' 

Rp ^p' 

By the definition of V-^, the map -„ J~^^ > ^i Ji'^^ is iniective, hence so is 






by the flatness of fit over R. Combining this with the injectivity of the localization by T', we 
obtain that vf is injective, as desired. Lemma 14.61 is proved. D 

Again by the definition of V-a, the localization map t^ — )• ■T,_n'^^ is injective, hence so is 

the map 

^^rR^^ ,^^ ^R R^ (59) 

by the flatness of fit over R. Combining this with Lemma 14. 6t we see that the composition 

^0rR^^ {T')-' (:^ ^R R^] (60) 

of ()59p with vf is also injective. Now, (j60p factors through I Mr ®r R' I (here we are guilty of 

V ^ ^ J M' 

a slight abuse of notation: we denote the natural image of M' in Mr ^r R' also by M'). Hence 

? 
the map 

:^ ®K fit ^ ( |p 0^ fit I (61) 

' 1^ \'^ J M' 
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is injective. Since ^^rR^ ^ ^ and IS^rRA = J?1?!!^2y' ' t^^e injectivity of dHJ 

is the same as ()56p . This completes the proof of 1 of the Proposition. 

Proof of 2 of the Proposition: We start with the injective homomorphism 

V- VL 

-^ ®R k(P,+i) ^ -^ ®R 4P;^,) (62) 

of K(P^_|_i)-vector spaces. Since R' is flat over R, tensoring (I62p produces an injective homomor- 
phism 

V-R^ 'P- 

-^ ^R k(P,+i) ^ -^ 0R k(P;+i) 0,j Pt (63) 

of i?"l'-modules. Now, the K(P^_|_i)-vector space ^A 'S>r k{P£,i) is, in particular, a torsion- free 

;s+ 

K(Pf+i)-module. Since K(Pf+i) (Si/j i?T jg g, domain by definition of {£ + l)-stable and by the 

VL 
flatness of i?"!" ^r k{Pi^i) over k{P£^i), the i?"'' (E>r K(Pf+i)-module :pr- 0r k{P£_^^) 0r R'^ is also 

/3 + 

torsion-free; in particular, its localization map by any multiplicative system is injective. Let S' 
denote the image of the multiplicative set (iJ' 0r R') \ M' under the natural map of i?-algebras 
R' ®R, R^ — ;■ k(P£_(_-|^) (^ij, R^ . By the above, the composition 







)iJ <Pi+i) ^ (S')-^ I ;^ 0iJ /^(P;+i) ^fi R^ 1 (64) 



of ()63p with the localization by S' is injective. 

Byt] 
is the map 



V— V— 

By the definition of Vjj, the localization map :nr > i5z- ®R '^(P^+i) is injective, hence so 



^ - ^ -^^R^^^^^^^R^Pe+i) (65) 



V^^R^ P^+ " P^+Pt 

by the flatness of R' over P. Combining this with the injectivity of (j64p . we see that the 
composition 

^^^ ./e^-U /^ ^_^(p/^^)^^^t] (66) 




P^+Pt 

VL 
of (f65]l with (iM|l is also injective. Now, (f66l) factors through ^^A ^r' (P' f^ij P^)j^^,. Hence the 

map 

^^ j0«.(/i'»KH*)„, (67) 

"P— vlr' ^ 

is injective. Since :pA ^ij' P — / -|- and by faithful flatness of P'' over (P' (g)/j P''') . ,,, the 

injectivity of (j67p implies the injectivity of the map (j54p required in 2 of the Proposition. 

This completes the proof of the Proposition. D 

Corollary 4.7 Take an integer i E {0, . . . , r — 1} and assume that R is (l + l)-stable. Then 

H2i+i = fl VpR^. 
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Proof.- By Lemma 4 of Appendix 4 of [18], the ideals V-g are cofinal among the ideals V/s for 

Corollary 4.8 Assume that R is stable. Take an element /3 G F. Then V'oR n i?^ = Vj^. 
Proof.- It is sufficient to prove that for each £ G {0, . . . , r — 1} and /3 G ^ — , we have 

V'pR'^ r\R^ = V-p] (69) 

the Corollary is just the special case of ([M|) when i = r — 1. We prove dMD by contradiction. 
Assume the contrary and take the smallest £ for which (j69p fails to be true. Let $' = v[R'\{Q}). 



We will denote by -^ — the image of ^ under the composition of natural maps <^ ^-t- P — )• -^ — 
and similarly for ^ — . Clearly, if (|69p fails for a certain /3, it also fails for soine /3 G -^ — ; take 
the smallest J3 G -^ — with this property. If we had P = min s /3 G -^ — /S — ^ G A^ >, then 
(j69p would also fail with P replaced by /S mod A^ G -^j contradicting the minimality of I. Thus 



/3 > min < /3 G 



$ 



A, 



i+i 



/3 - /S G A^ . (70) 



Let /?— denote the immediate predecessor of /3 in -^ — . By ([70]) . we have /3 — /3— G A^. By the 
choice of J3, we have 'Pa_ = V'b_R n i?^ but "P^ ^ V'bR n i?^. This contradicts Proposition 



31 applied to /3— . The Corollary is proved. D 

Now we are ready to state and prove the main Theorem of this section. 

Theorem 4.9 (1) Fix an integer ^G{l,...,r-|-1}. Assume that there exists R' G 7~(i?) which 
is (i + l)-stable. Then the ideal H2e+i is prime. 

(2) Let i = 2£ + 2. There exists an extension uj^ of u^j^i to Ivoa. k{H[_i) , with value group 

A,_i,o = -^, (71) 

whose valuation ideals are described as follows. For an element /3 G ^ ^ , the v^Q-ideal of -^ — 
of value (5, denoted by "Pl , is given by the formula 

rl = lim^^ n-^. (72) 

^'^+1 \^ HLi) Hi., ^ ' 

Remark 4.10 Once the even-numbered implicit prime ideals H!^^ are defined below, we will show 
that vJq is the unique extension of U£^i to limK(i?^_^), centered in the local ring lim — ; '^^^ — . 

Proof. -(^o/ Theorem \4.9^ Let R' be a stable ring in T{R). Once Theorem 14.91 is proved for R' , 
the same results for R will follow easily by intersecting all the ideals of R in sight with R\ 
Therefore from now on we will replace R by i?', that is, we will assume that R itself is stable. 
Let <I>^ denote the image of the semigroup y{R\ {0}) in -^ — . As we saw above, <!>£ is well 

ordered. For an element /3 G <I*f , let j3+ denote the immediate successor of /? in <&£. 
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Take any element x £ R^ \ Hi^i. By Corollary 14.71 there exists (a unique) /? G <!>£ n ^ ' 
such that 

X G V^R^ \ Vj^R^ (73) 

(where, of course, we allow /? = 0). Let x denote the image of x in -^ — . We define 

Next, take another element y £ R^ \ H2e+i and let 7 G $£ n ^ ^ be such that 

yeV^R^\V^+Rl (74) 

Let (ai,...,a„) be a set of generators of V-a and (61,. ..,6s) a set of generators of V^, with 
f£+i(ai) = /3 and f£+i(6i) = 7. Let i?' be a local blowing up along u such that i?' contains all 
the fractions ^ and jf-. By Proposition 14.41 and Definition 14.11 (1). the ideal P^_^_iR is prime. 

By construction, we have ai \ x and 61 | y in R'. Write x = zai and y = wbi in R'. The 
equality ([53]). combined with ([73]) and ([7^ . implies that z,w^P^^^R , hence 

zw^P'^^^R!^ (75) 

by the primality of P'f_^iR . We obtain 

xy = ai^izw. (76) 

over i?' we obtain 



Since 1/ is a valuation on i?', we have ("P-^ _ : (ai6i)i?'j C -P/^^- By faithful flatness of R 



[V^^^^R'^ : {aih)R'^) C P;+ii?'^ (77) 

Combining this with ([75]) and (j76|) . we obtain 

x2/^P^+^+ii^ (78) 

in particular, xy^H2e+i. We started with two arbitrary elements x,y G R^ \ H2e+i and showed 
that xy^H2i+i. This proves (1) of the Theorem. 

Furthermore, ([78]) shows that ^^^{xy) = /3 + 7, so ^Jq induces a valuation of k(//j_i) and 
hence also of \unK,{H[_^). Equality (I7ip holds by definition and (I72p by the assumed stability 

~R 
oiR. D 

Next, we define the even-numbered implicit prime ideals -ffg^. The only information we 

need to use to define the prime ideals /fg^ C -^2^+1 ^'^d to prove that -ff2£_i C H21 are the facts 

that H2t+i is a prime lying over P^ and that the ring homomorphism R' — )• R'' is regular. 

Proposition 4.11 There exists a unique minimal prime ideal H2£ of P^R^ , contained in H2e+i- 

Proof.- Since H2e+ir]R = Pi, -^2^+1 belongs to the fiber of the map Spec R^ — )• Spec R over P^. 
Since R was assumed to be excellent, S := R^ ^RK^Pi) is a regular ring (note that the excellence 
assumption is needed only in the case R^ = R; the ring homomorphism i? — t- i?^ is automatically 

regular ii R^ = R or R^ = R^). Hence its localization S := S'f7„. , -, s — ^i±L- ig a regular local 

ring. In particular, 5 is an integral domain, so (0) is its unique minimal prime ideal. The set of 
minimal prime ideals of S is in one-to-one correspondence with the set of minimal primes of Pi, 
contained in H2i+\, which shows that such a minimal prime H2i is unique, as desired. D 
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We have PeC H2£nRc i?2£+i nR = Pe, so H2enRc Pe. 
Proposition 4.12 We have H2i-i C H2e- 
Proof.- Take an element (3 G —^ and a stable ring R' £ T. Then T"^ C P/, so 

^2^-1 C P;,i?'^ C P;i?'^ C H!2,. (79) 

Intersecting (f79l) back with R^ we get the result. D 

In gZlwe win see that ii R^ = R or R^ = R" then H2i = i?2£+i for all i. 
Let the notation be the same as in Theorem 14.91 



Proposition 4.13 The valuation uJq is the unique extension ofui to a valuation of lira k{H'-_^) , 

h' 
centered in the local ring lim ^ — . 

— > H' R'' 

HI "2i 

Proof.- As usual, without loss of generality we may assume that R is stable. Take an element 
X G i?T \ H2i-i. Let /3 = i'Iq{x) and let R' be the blowing up of the ideal Vp = {ai, . . . , Un), as 
in the proof of Theorem 14.91 Write 

X = zai (80) 

in R'. We have z e R'^ \ P'^R'K hence 

R/t P'P't p/t TT' R't 

IX Tjl If-Tl TT/ Jt TTf IJ-O^IX TT/ 

- p ^21 \ ^ ^21 _ ^2f \ ^'^ ^21 /-oi \ 

^21-1^ H'^^ ^2£-l^ H!^^ ^21-1^ H'21 ^21.-1^ H'^^ 

If u* is any other extension of ug to lira. k{HI_i) , centered in lim—; ^ — , then i^*(ai) = /3, 

z^*(z) = by (f8T]l . so i>*{x) = P = vIq{x). This completes the proof of the uniqueness of vJq. D 
Remark 4.14 If R' is stable, we have a natural isomorphism of graded algebras 

-th TTf -tip/ 






In particular, the residue field of uJq is k ^ = lim k{H2^) . 

5 A classification of extensions of u to R. 

The purpose of this section is to give a systematic description of all the possible extensions i'_ 
of 1/ to a quotient of R^ by a minimal prime as compositions of 2r valuations, 

1^1 = i^lo--- 01,1, (82) 

satisfying certain conditions. One is naturally led to consider the more general problem of 
extending u not only to rings of the form -^ but also to the ring lim -^ , where P' is a tree of 

prime ideals of R , such that P' H R' = (0). We deal in a uniform way with all the three cases 
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R^ = R, R^ = R and R^ = R^, in order to be able to apply the results proved here to all three 
later in the paper. However, the reader should think of the case R^ = R as the main case of 
interest and the cases R^ = R and i?' = R'^ as auxiliary and slightly degenerate, since, as we 
shall see, in these cases the equality H2e = H21+1 is satisfied for all I and the extension v_ will 
later be shown to be unique. 

We will associate to each extension v_ of u to R^ a, chain 

H'qC H[C--- CH'2r = m'R'^ (83) 

of prime z^l-ideals, corresponding to the decomposition (182p and prove some basic properties of 



this chain of ideals. 

Now for the details. We wish to classify all the pairs I < Hq > , J^+ ) , where < Hq > is a tree 

of prime ideals of R , such that Hq n R' = (0), and v] is an extension of v to the ring lim ^^. 

Pick and fix one such pair ( < Hq > , z^M . We associate to it the following collection of data, 
which, as we will see, will in turn determine the pair ( < Hq > , i/M . 

First, we associate to ( < Hq > ,v_] a chain (|83p of 2r trees of prime z^l-ideals. Let T^ 
denote the value group of u]^ . Defining (j83p is equivalent to defining a chain 

T^ = aIdA{d---dAI = A^i = (0) (84) 

of 2r isolated subroups of F^ (the chain (|84p will not, in general, be maximal, and A!^^,^ need 



not be distinct from A 



t 



We define the A] as follows. For < ^ < r, let A^i ^-iid A!^^,-^ denote, respectively, the 
greatest and the smallest isolated subgroups of F^ such that 

aJ^ n F = A^^^^ n F = A^ (85) 



Lemma 5.1 We have 

A^ 
rk -^^ = 1 (86) 

A' 

for 1 < i < r. 

Proof.- Since by construction Ag^ 7^ ^L-i' equality ([86|) is equivalent to saying that there is 
no isolated subgroup A^^ of F^ which is properly contained in A2^_-^ and properly contains A'^^. 
Suppose such an isolated subgroup A^^ existed. Then 

Af = A^^nFC AtnFC A^^_^nF = Af_i, (87) 

where the first inclusion is strict by the maximality of A'^^ and the second by the minimality of 

^L-i- Thus A^ nF is an isolated subgroup of F, properly containing A^ and properly contained 

A A^ 

in Ai_i, which is impossible since rk ^""^ = 1. This is a contradiction, hence rk ^'f^ — ^1 ^s 

desired. D 
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Definition 5.2 Let < i < 2r. The i-th prime ideal determined by v\ is the prime u_-ideal 
H- of R'* , corresponding to the isolated subgroup Aj (that is, the ideal H[ consisting of all the 
elements of R'' whose values lie outside of Aj). The chain of trees \83\) of prime ideals of R 
formed by the H[ is referred to as the chain of trees determined by v_ . 



The equality (|85|) says that 

H^n CiR' = H2i^i r\R! = Pi 

By definitions, for 1 < i < 2r, vj is a valuation of the field A; t -In the sequel, we will find it 

i — 1 

useful to talk about the restriction of v] to a smaller field, namely, the field of fractions of the ring 

H' t H' ~ 

lim ^ h^; we will denote this restriction by vL. The field of fractions of ^ S^ is k{H'- , ), 

R/ »-l H'. >-l H'- 

hence that of lim ^ ^^ is WvciKiH'- i), which is a subfield of A; t • The value group of vL 

R' *-l H[ Rt 

A"? ^'p' ^' h' 
will be denoted by Ai_i q; we have Aj_i q C — tt^. li i = 2£ is even then p? — ^ < ^- ^^, so 

^P' ^' H' t t 

lim "57 — d7— < lim ^- h^ . In this case rk uj = 1 and z^j an extension of the rank 1 valuation 

— > "; iR„, — ^ H' R'T * * 



f£ from k(P^_i) to A; t ; we have 



%i C A._,o C ^. (89) 

Ai Aj 



Proposition 5.3 Lei i = 21. As usual, for an element /3 G ( ^ ^ j , Zet "P-g ('resp. Pi-J denote 

the preimage in R (resp. in R' ) of the Vfj^i-ideal of -p- (resp. ^) of value greater than or equal 
to j3. Then 



_ / A_ \ R' 

/3e 



fl Yimiv^R'^ + H[^AR!\, r^R'^^H.+i. (90) 



i+2 
A 



The inclusion (|90p should be understood as a condition on the tree of ideals. In other words, it 
is equally valid if we replace R' by any other ring R" £ T. 

Proof .- (of Proposition [573\) Since rk^^ = 1 by LemmalSTTl -^-^ is cofinal in -^^. Then 

^i+2 *+'- ^i+2 

for any x G f] lim ('P4-R'^ + HL^) i?'t n R^ we have z/l(a;)^A|, hence x E ^j+i, as 

desired. D 

Prom now to the end of ^ we will assume that T contains a stable ring R', so that we 
can apply the results of the previous section, in particular, the primality of the ideals H'-. 

Proposition 5.4 We have 

H[ C H'i for a// i G {0, . . . , 2r}. (91) 
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Proof.- For /? G r^ and R' G T, let V'J denote the z^l-ideal of i?'^ of value /3. Fix an integer 
^ G {0, . . . , r}. For each R' G T, each /3 G A^ and x ^ Va we have i^I(x) = z^(x) > /3, hence 

P^i?'^ C P^^ (92) 



Taking the inductive limit over all R' £ T and the intersection over all /3 G A^ in (|92p . and 



using the cofinality of A^ in Ag^ , ^ and the fact that P| liniPo' = limi72^_|_-^, we obtain 



/3eAT^ \ R' / R' 

the inclusion dUD for i = 2£ + 1 . To prove dH]) for i = 2£, note that H'^f, nR' = H'^f,^-^ nR' = Pe. 
By the same argument as in Proposition I4.1H excellence of R' implies that there is a unique 
minimal prime H2£ of P^R , contained in H!^^,^ and a unique minimal prime H2£ of P^R , 
contained in i?2£- Now, Proposition 14.111 and the facts that -ff2£+i "^ -^2£+i ^^'^ ^2e '^ ^'21+1 
imply that i^g^ = H*^ = H*^, hence i/g^ = H*^ C -ffg^, as desired. D 

Definition 5.5 A chain of trees ^83]) of prime ideals of R'' is said to be admissible if H'- C H'- 

and |M) and [M) hold. 



Equalities ([55]) . Prop osition 1 5 . 3 1 and Proposition 15. 4l sav that a chain of trees ([55|) of prime ideals 
of i?' , determined by uL, is admissible. 

Summarizing all of the above results, and keeping in mind the fact that specifying a 
composition of 2r valuation is equivalent to specifying all of its 2r components, we arrive at one 
of the main theorems of this paper: 

Theorem 5.6 Specifying the valuation v__ is equivalent to specifying the following data. The 
data will be described recursively in i, that is, the description of vj assumes that vl_i is already 
defined: 

(1) An admissible chain of trees ^83\) of prime ideals of R'' . 

(2) For each i, 1 < i < 2r, a valuation uj of k t (where u^ is taken to be the trivial valu- 

i — 1 

ation by convention), whose restriction to liui k{H'-_^) is centered at the local ring lim ^^ 



R' R' 



H' ,R 



i-^ "■ H' 



The data < v] \ is subject to the following additional condition: ifi = 2i is even then 

I J l<j<2r 

rk uj = 1 and uj is an extension of ug to k t (which is naturally an extension of ky^-^). 

i— 1 

In particular, note that such extensions v_ always exist, and usually there are plenty of them. 
The question of uniqueness of v_ and the related question of uniqueness of i^J, especially in the 
case when i is even, will be addressed in the next section. 

6 Uniqueness properties of ul. 

In this section we address the question of uniqueness of the extension v_. One result in this 
direction, which will be very useful here, was already proved in ^ Proposition 14.131 We give 
some necessary and some sufficient conditions both for the uniqueness of I'l once the chain ()83p 
of prime ideals determined by v_ has been fixed, and also for the unconditional uniqueness of 
v_. In ^ we will use one of these uniqueness criteria to prove uniqueness of z/_ in the cases 
R' = R and R' = R'^. At the end of this section we generalize and give a new point of view of 
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an old result of W. Heinzer and J. Sally (Proposition 16.16]) . which provides a sufficient condition 
for the uniqueness of u^; see also |14j . Remarks 5.22. 

For a ring R' & T let K' denote the field of fractions of R' . For some results in this section 
we will need to impose an additional condition on the tree T: we will assume that there exists 
Ro &T such that for all R' G T{Ro) the field K' is algebraic over Kq. This assumption is needed 
in order to be able to control the height of all the ideals in sight. Without loss of generality, we 
may take Rq = R. 

Proposition 6.1 Assume that for all R' & T the field K' is algebraic over K. Consider a ring 
homomorphism R' — t- R" in T ■ Take an i G {0, . . . , r}. We have 

ht il2£ < fit H!^^. (93) 

If equality holds in i93\) then 

hti/^',+i>hti7^,+i. (94) 

Proof.- We start by recalling a well known Lemma (for a proof see [18], Appendix 1, Proposi- 
tions 2 and 3, p. 326): 

Lemma 6.2 Let R ^^ R' be an extension of integral domains, essentially of finite type. Let 
K and K' be the respective fields of fractions of R and R' . Consider prime ideals P C R and 
P' C R' such that P = P' n R. Then 

ht P' + tr.deg.{K{P')/K{P)) < ht P + tr.deg.{K' /K). (95) 

Moreover, equality holds in Ii95\) whenever R is universally catenarian. 



Apply the Lemma to the rings R' and R" and the prime ideals Pj, C R' and P^' C R" . In the 
case at hand we have tr.deg.{K" /K') = by assumption. Hence 

ht P;' < ht P;. (96) 

Since H!^^ is a minimal prime of P'^R and R is faithfully flat over R' , we have ht P^ = ht H!^^. 
Similarly, ht P^' = ht ^2£' ^^^ (|93p follows. Furthermore, equality in ()93p is equivalent to 
equality in (fMj) . 

To prove dM]), let R = {R" ®r' R'^)m" , where M" = {m" ®l + l®m' R'^) and let m denote 
the maximal ideal of R. We have the natural maps R — )• P — )• i?" . The homomorphism a is 
nothing but the formal completion of the local ring R; in particular, it is faithfully fiat. Let 

H = H'i,^^ n R, (97) 

^0 = Hq n R. Since Hq is a minimal prime of R' and a is faithfully flat, ^o is a minimal prime 
ofi^. 

Assume that equality holds in ([93|) (and hence also in ([M]) ). Since equality holds in ([96]) . 
by Lemma 16.21 (applied to the ring extension R' — )• R") the field n{P") is algebraic over k{P'). 

Apply Lemma 16.21 to the ring extension -^ M- ■—- and the prime ideals -^P- and -^ . 

Since K" is algebraic over K', k{Ho) is algebraic over k{Hq). Since k{P") is algebraic over k(P'), 
k{H) is algebraic over ^(ii^g^,^). Finally, R' is universally catenarian because it is a complete 

local ring. Now in the case ^ = " Lemma 16.21 savs that ht — tIt^ = ht 7^. Since both R' and R 
are catenarian, this implies that 

ht iJ2f+i = ht H. (98) 
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In the case where ^ stands for hensehzation or a finite etale extension, (I98p is an immediate 
consequence of ([97|) . Thus ([98j) is true in all the cases. Since a is faithfully flat and in view of 
([97]), ht^ < ht i^sWi- Combined with ([98]), this completes the proof. D 



Corollary 6.3 For each i, < i < 2r, the quantity ht H'^ stabilizes for R' sufficiently far out 
in T . 



The next Proposition is an immediate consequence of Theorem [ 

Proposition 6.4 Suppose given an admissible chain of trees h8!^) of prime ideals of R . For 
each £ G {0, . . . , r — 1}, consider the set of all R' £ T such that 

ht ^2£+i - ht i^2, < 1 for all even i (99) 

and, in case of equality, the 1- dimensional local ring -^^ — j^ — is unibranch (that is, analytically 

21+1 

irreducible). Assume that for each i the set of such R' is cofinal in T ■ Let v^i+i o '^^^lote the 

h' 
unique valuation centered at lim ^-^ — jf^ — 



r/ ^21^' fjl 

H "21+1 

Assume that for each even i = 2£, U£ admits a unique extension uJq to a valuation of 

h' t 

lim k{H[_i), centered in lim ^■; ^. Then specifying the valuation v[_ is equivalent to specifying 

for each oddi, 2 < i < 2r, an extension vj of the valuation vJq of lim. k{H'-_^) to its field extension 

k t (in particular, such extensions v_ always exist). If for each odd i, 2 < i < 2r, the field 

^i-l 

extension YmiK{H^_^) -^ k 'i is algebraic and the extension vj of vJq to k ^ is unique then 

there is a unique extension v*_ of v such that the H[ are the prime ideals, determined by v*_ . 

Conversely, assume that K' is algebraic over K and that there exists a unique extension v_ 
of V such that the ll[ are the prime v_ -ideals, determined by u_ . Then for each ^G{0,...,r — 1} 
and for all R' sufficiently far out in T the inequality Ii99\) holds. For each even i = 21, vg admits a 

R'l, 
unique extension u-q to a valuation o/lim k i H[_^ j , centered in lim -^^ ^; we have rk uJq = 1. 

For each odd i, the ring lim — ^j— is a valuation ring of a (not necessarily discrete) rank 1 

valuation. For each odd i, 1 < i < 2r, the field extension lim k{H'-_^) — t- A; t is algebraic and 
the extension uj of uJq to k ^ is unique. 

i — 1 

Remark 6.5 We do not know of a simple criterion to decide when, given an algebraic field 
extension K ^^ L and a valuation v of K , is the extension of v to L unique. See ^, ]16^ 
for more information about this question and an algorithm for arriving at the answer using 
MacLane 's key polynomials. 

Next we describe three classes of extensions of u to lim i?' ' , which are of particular interest for 
applications, and which we call minimal, evenly minimal and tight extensions. 
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Definition 6.6 Let i>_ he an extension of u to limi?'^ and let the notation he as ahove. We say 
that vl_ is evenly minimal if whenever i = 21 is even, the following two conditions hold: 



,t 



^t 



(2) For an element (3 G ^ ^ , the vl^-ideal of -^ ^j— of value j3, denoted by Pl , is given 

Hi 

by the formula 



V- 



t 



lim ■ 



R 



n — 



^ H[^il^l, H,^,Rl 



t ■ 



(101) 



We say that v_ is minimal if H[ = H- for each R' and each i £ {0, . . . , 2r + 1}. We say that 
v_ is tight if it is evenly minimal and 



H' = m 



i+l 



for all even i. 



(102) 



Remark 6.7 (1) The valuation uJq is uniquely determined by conditions ilOO\) and I1101\) . Recall 
also that if i = 2i is even and we have: 



H'i - Hi 
H'i-i = H[_i 



and 



(103) 
(104) 



then uJq is uniquely determined by f£ by Proposition \4-13[ In particular, if v_ is minimal (that 
is, if H03\) - li04-^ hold for all i) then v_ is evenly minimal. 

(2) The definition of evenly minimal extensions can he rephrased as follows in terms of the 
associated graded algebras of vi and uj^. First, consider a homomorphism in T and the following 
diagram, composed of natural homomorphisms: 






R' 



H' 



^ %_ 

'v' Iv^ 



V- 



■i_\ 

/3 



V 



/3+ 

V'' 
t 



(105) 



V' 



/3+ 



It follows from Nakayama 's Lemma that equality MU1\) is equivalent to saying that 



V- 



vl 



\miip 



b' o A') ' ^ 






m' 



K H' 



(106) 



Taking the direct sum in ^06\) over all j3 G ^ ^ and passing to the limit on the both sides, 

we see that the extension v_ is evenly minimal if and only if we have the following equality of 
graded algebras: 

R'^ 
gr t I lim- 



gr^t ( 1™ p7 1 '^R"^ {^i 



R' 



H 



R 



' ^Ll^'l' 
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Examples 6.8 The extension v of Example \3.1\ (page [77|j is minimal, but not tight. The valu- 
ation V admits a unique tight extension i>2 o i>^ to lim-^; the valuation i> is the composition of 

the discrete rank 1 valuation vi, centered in limi?^, with i>2 o 1)3. 

The extension u^^' of Example \3.S\ (page \17^ is minimal. The extension u^"^' is evenly 
minimal hut not minimal. Neither i)^^' nor v^"^' is tight. The valuation v admits a unique tight 

. / 00 A 

extension 1)2 o 7)3 to lim ^, where H[ = \ y — Yl ^j^'' ] > ^^^ valuation v^'^' is the composition of 

'w ' \ i=\ J 

the discrete rank 1 valuation vi, centered in \\va.R'- with i>2 o 7)3. 

— >■ H^ 
R' 

Remark 6.9 As of this moment, we do not know of any examples of extensions i>_ which 
are not evenly minimal. Thus, formally, the question of whether every extension i>_ is evenly 
minimal is open, though we strongly suspect that counterexamples do exist. 

Proposition 6.10 Let i = 21 he even and let vJq be the extension of ui to liica k{H'^_^) , centered 

ring lim^-; ^, defined by lilUl]) . Then 

k t =limK(H'). (107) 

H' t t 

Proof.- Take two elements x,y ^ lim ^■; ^, such that i^-oix) = i^loiy)- We must show that 

the image of - in A; t belongs to limK(i?'). Without loss of generality, we may assume that 
y -m - 

ijl t t 

x,y ^ - — ^^^-f—. Let /3 = i^Jq{x) = t'jo(y)- Choose R' & T sufficiently far out in the direct system 

so that x,v £ ^- T—. Let R' — )• R" be the blowing up of the ideal V'oR' . Then in ^- j— 

i i 

we can write 

x = az and (108) 

y = aw, (109) 

where i^joia) = /? and i^Iq{z) = i^Iq{w) = 0. Let z be the image of z in k{H-') and similarly for 
w. Then the image of ^ in k^t equals 4 E k{H^), and the result is proved. D 

Remark 6.11 Theorem 15.61 and the existence of the extension I'leo ^f ^^ ^'^ ^^^ ^'^•^^ when 
H'2^ = H'2^ and H'2^_i = H'2^_^ guaranteed by Theorem \4 .91 (2) allow us to give a fairly explicit 
description of the totality of minimal extensions as compositions of 2r valuations and, in partic- 
ular, to show that they always exist. Indeed, minimal extensions v\ can he constructed at will, 
recursively in i, as follows. Assume that the valuations vl, . . . ,i'J_^ are already constructed. If 
i is odd, let v] he an arbitrary valuation of the residue field k t of the valuation ring R ] .If 

i = 2£ is even, let uJq be the extension ofu£ to liui k{III_i) , centered at the local ring lim — ^, 
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whose existence and uniqueness are guaranteed by Theoreni \4-9\ (2) and Proposition \4-13 . respec- 
tively. Let v] he an arbitrary extension of uJq to the field /c t ■ It is clear that all the minimal 

i — 1 

extensions v_ of v are obtained in this way. 

In the next section we will use this remark to show that if R) = R or R'^ = R"^ then v 
admits a unique extension to -S-, which is necessarily minimal. 

We end this section by giving some sufficient conditions for the uniqueness of i^l. 

Proposition 6.12 Suppose given an admissible chain of trees i83\) of prime ideals of R . For 
each i G {0, . . . , r — 1}, consider the set of all R' £ T such that 

ht i^2£+i ~ ^* ^2£ ^ 1 f'^''" ^^^ even i (HO) 



and, in case of equality, the 1-dimensional local ring — — j^ — is unibranch (that is, analytically 

21+1 

irreducible). Assume that for each i the set of such R' is cofinal in T. 

Let u_ be an extension of v such that the H[ are prime u_-ideals. Assume that u_ is 
evenly minimal. Then there is at most one such extension v_ and exactly one such v_ if 

H'. = H[ for all i. (Ill) 

(in the latter case z/1 is minimal by definition). 

Proof.- By Theorem 14.91 (2) and Proposition 14.131 if (jllip holds then !/_ is minimal and for 
each even i the extension z/Jq exists and is unique. Therefore we may assume that in all the cases 
v_ is evenly minimal and that vIq exists whenever (lllip holds. 

The valuation v_, if it exists, is a composition of 2r valuations: u_ = u\o v^o • ■ ■ o i^lr^ 
subject to the conditions of Theorem 15. 6i We prove the uniqueness of iy_ by induction on r. 
Assume the result is true for r — 1. This means that there is at most one evenly minimal 
extension f ^ o i/^ o • • • o i/^_^ of 1^2 ° ^3 ° " " " ° ^r to limK(i/2), and exactly one in the case when 

(jllip holds. To complete the proof of uniqueness of z^I, it is sufficient to show that both z^j and 
1^2 are unique and that the residue field of u^ equals liuiK{H2). 

We start with the uniqueness of i/|. If (jl02p holds then z^| is the trivial valuation. Suppose, 
on the other hand, that equality holds in piup . Then the restriction of z/J to each R' £ T such 

that the local ring lim -^ -■} is one-dimensional and unibranch is the unique divisorial valuation 

centered in that ring (in particular, its residue field is k{H[)). By the assumed cofinality of such 
R', the valuation z^| is unique and its residue field equals limft;(^(). Thus, regardless of whether 

or not the inequality in (jllUp is strict, z^j is unique and we have the equality of residue fields 

k^i =lhnK{H[) (112) 

This equality implies that i^l = i^lo- ^ow, the valuation z^2 = ^20 ^^ uniquely determined by the 
conditions (jlUOp and (|lUip . and its residue field is 

k f =kf =limK(^^). (113) 

^2 "^20 -^ 
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by Proposition 16.101 Furthermore, by Theorem 14.91 exactly one such v^ exists whenever (lllip 
holds. This proves that there is at most one possibility for i^_: the composition of i/j o u^ with 
z^3 o i/| o • • • o ^^, and exactly one if (lllip holds. D 

Proposition 6.13 The extension v_ is tight if and only if for each R' in our direct system the 
natural graded algebra extension gr^^R' — )• gr t R is scalewise hirational. 

Remark 6.14 Proposition \6. 1^ allows us to rephrase Conjecture \l.ll\ as follows: the valuation 
V admits at least one tight extension v_. 

Proof.- (^o/ Proposition \6.l3\) "If" Assume that for each R' in our direct system the natural 
graded algebra extension gr^R' — t- gr t R is scalewise birational. Then 

r'f = P. (114) 

Together with ([85|) this implies that for each / G {1, . . . , r + 1} we have AL_2 = ^li-i ~ ■^^-i 



A 



under the identification (I114J1 . Then — n^ = (0)) so for all odd i the valuation i/j is trivial. 

This proves the equality (I102p in the definition of tight. It remains to show that u_ is evenly 
minimal. We will prove the even minimality in the form of equality p06p for each P G ^~^ . 
The right hand side of (|106p is trivially contained in the left hand side; we must prove the 

opposite inclusion. To do that, take a non-zero element x £ — f^. By scalewise birationaliy, 

there exist non-zero elements y, z £ S^yR-, with ord y, ord z G A^, such that xy = z. Let y be a 
representative of y in i2, and similarly for z. Let R ^ R' he the local blowing up with respect 
to v along the ideal {y, z). Then, in the notation of (jl06p . we have 



X = i;'-' (^(0' o A') (^- 0R, Ij J G i^'-' I (</.' o A') I ^ 0R' K [Hlj 1 1 . (115) 

This proves (|lU6p . "If" is proved. 

"Only if". Assume that u_ is tight (that is, it is evenly minimal and ()102p holds) and 
take R' G T. Then the valuation z^2^+i is trivial for all £, so i^I = 1/2 o i/^ o • • • o ^^. We must 
show that the graded algebra extension gi^R' — )• gr t R is scalewise birational. Again, we use 

induction on r. Take an element x G R . If v (x) G Ai then in + a^ G gr t t ^ttt, hence 

by the induction assumption there exists y £ R' with z^I(x) G Ai and in t (xy) G gr^-p-. In 

this case, there is nothing more to prove. Thus we may assume that z^I(x)^Ai. It remains to 
show that there exists y £ R' such that in t (xy) G g^^R' ■ Since the natural map sending each 

element of the ring to its image in the graded algebra behaves well with respect to multiplication 
and division, local blowings up induce birational transformations of graded algebras, and it is 
enough to find a local blowing up R" G T{R') and y G R" such that in t {xy) G gi^R" . 

Now, Proposition 16.101 shows that there exists a local blowing up R' — )• R" such that 
X = az (jlOSp . with z G R" and ^2(0) = 1^2 oi^) ~ ^- "^^^ ^^^* equality means that z^_(a) G Ai, 
and the result follows from the induction assumption, applied to a. D 

The argument above also shows the following. Let <!>' ' = v_ I R'* \ {0} 1 , take an element 

/3 G <^'^ and let V'^ denote the i/1-ideal of i?'"^ of value /S. 
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Corollary 6.15 Take an element x G 'P a- There exists a local blowing up R' — t- R" such that 
P G v{R") \ {0} and x G V'^^R"^ . 

The next Proposition gives a sufficient condition for the uniqueness of v_ (this result is due to 
Heinzer and Sally [5j). 

Proposition 6.16 Assume that K' is algebraic over K for all R' £ T and that the following 
conditions hold: 

(1) ht H[<1 

(2) ht H[ + rat.rk v = dim R' , where R' is taken to be sufficiently far out in the direct 
system. 

Let ui_ be an extension of v to a ring of the form lim -^ . Then either 

R' 



K 



H', = H', or (116) 

H', = H[. (117) 

The valuation v admits a unique extension to lim -^ and a unique extension to lim-^. The 

R' R' 

first extension is minimal and the second is tight. 

Proof.- For 1 < ^ < r, let r^ denote the rational rank of f£. Let i/l be an extension of z^ to a 
ring of the form lim -^, where Hq is a tree of prime ideals of R'' such that Hq n R' = (0). 

R' ° 

By Corollary 16.31 ht H[ stabilizes for \ < i < 2r and R' sufficiently far out in the direct 
system. From now on, we will assume that R' is chosen sufficiently far so that the stable value 
of ht H[ is attained. Now, let i = 2i. The valuation z^Jq is centered in the local noetherian ring 

ii' 
— ^— , hence by Abhyankar's inequality 

rat.rk A < dim ^^ < ht H' - ht H', . (118) 

Since this inequality is true for all even i, summing over all i we obtain: 

2r r 

dim R' = dim R'^ = J2 i^t H[ - ht H[_^) >htH[+Yl (ht H'^^ - ht H'^^^^) > 

i=l i=l 

r r 

> ht H{+ J2 rat.rk vl^ q> ht H[ + Y, ri> = ht H[ + rat.rk v = dim R'. 

1=1 ' e=i 



(119) 



Hence all the inequalities in (jllSp and ()119p are equalities. In particular, we have 

ht H[ = ht H[; 

combined with Proposition 15.41 this shows that 

H[ = H[. (120) 

Together with the hypothesis (1) of the Proposition, this already proves that at least one of 
(J116p - (jll7p holds. Furthermore, equalities in (jllSp and (jllOp prove that 

ht H[ = ht H[_^ 
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for all odd i > 1, so that 

Hi = H[_i whenever z > 1 is odd (121) 

and that 

n = ht H[- ht H[^^ (122) 

whenever i is even. 

Now, consider the special case when H[ = H[ for i > 1 and H'q is as in (J116p - (|117p . 
According to Proposition 14.131 for each even i = 2£ there exists a unique extension uJq of ui to a 

h' 
valuation of lini k{H'-_^), centered in the local ring lim „, ^^ . Moreover, we have 

^ R/ ^'"' 

fct =lun k{H'^,) (123) 



''•° R' 



I' /~if II \- r\ Mm ±±— 



by Remark 14.141 By Theorem 15.61 there exists an extension u_ of u to lim -^ such that the 

R' " 
{H^} as above is the chain of trees of prime ideals, determined by u_. In particular, (|12ip and 
P^ hold with HI replaced by H'-. 

Now (jl22p and Proposition 15. 41 implv that for any extension i'_ we have H'- = H[ for i > 0, 
so that the special case above is, in fact, the only case possible. Furthermore, by (I12ip we have 
-^2£+i ~ ^21 ^°^ ^^ ^ ^ {!' ■ ■ ■ '^}- This implies that for all such £ the valuation J^2^ , ^ g is the 
trivial valuation of Wva. k,{H'2()'-, in particular, 
~R! 



kf =\im K{H2g) (124) 

for ah^G {l,...,r-l}. 

If Hq = H[ = H[ then the only possibility for u^q = v\ is the trivial valuation of lim K(i7(); 

iv 
we have 

k, =ki =\im k{H[). (125) 

If Hq = Hq then by the hypothesis (1) of the Proposition and the excellence of R the ring —^ — ^ 
is a regular one-dimensional local ring (in particular, unibranch), hence the valuation u\ = v\q 

centered at lim — ; — |— is unique and (|125p holds also in this case. 
~R> ° H[ 
By induction on z, it follows from (jl23p . (jl24p . the uniqueness of v}^^ q and the triviality of 

^L+i ^°^ ^ ^ 1 that vj is uniquely determined for all i and k t = \iviiK{H[). This proves that 

in both cases (I116P and (I117J) the valuation z^l = i/J o • • • o ul,. is unique. The last statement of 
the Proposition is immediate from definitions. D 

A related necessary condition for the uniqueness of u_ will be proved in ^ 
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7 Extending a valuation centered in an excellent local domain 
to its henselization. 

Let R denote the henselization of R, as above. The completion homomorphism R ^ R factors 
through the henselization: R ^ R ^ R. In this section, we will show that Hi is a minimal 
prime of R, that u extends uniquely to a valuation D- of rank r centered at -^, and that Hi 

is the unique prime ideal P oi R such that v extends to a valuation of -p. Furthermore, we 
will prove that H2t+i is a minimal prime of P^R for all £ and that these are precisely the prime 
i>-ideals of R. 

Studying the implicit prime ideals of R and the extension of i^ to i? is a logical intermediate 
step before attacking the formal completion, for the following reason. As we will show in the 
next section, if R is already henselian in (H6j) then VaR', (1 R = VgR for all /3 and R' and 

thus we have if 2^+1 = fl \^P^]- 

We state the main result of this section. In the case when R'^ is an etale extension of R, 
contained in R, we use (|48p with i?^ = R^ as our definition of the implicit prime ideals. 

Theorem 7.1 Let R'^ he a local etale extension of R, contained in R. Then: 

(1) The ideal H2e+i is prime for <l < r; it is a minimal prime of P^R^ . In particular, 
Hi is a minimal prime of R^ . We have H2t = -^2^+1 for < I < r. 

(2) The ideal Hi is the unique prime P of R^ such that there exists an extension vt of v 
to jt; the extension v'L is unique. The graded algebra gr^e. ^ is scalewise birational to gr^R; 
in particular, rk v'L = r. 

(3) The ideals H2t+i are precisely the prime u'L-ideals of R'^ . 

Proof.- By assumption, the ring R^ is a direct limit of local, strict etale extensions of R which 
are essentially of finite type. All the assertions (l)-(3) behave well under taking direct limits, 
so it is sufficient to prove the Theorem in the case when R'^ is essentially of finite type over R. 
From now on, we will restrict attention to this case. 

The next step is to describe explicitly those local blowings up R ^ R' for which R' is 
•^-stable. Their interest to us is that, according to Proposition 14.51 if -^' is ^-stable then for all 
R" G T{R') and all /3 S ^ ' , we have the equality 

V'l^iR" 0R R^) nR^ = VpR^] (126) 

in particular, the limit in (|48p is attained, that is, we have the equality 



^2£+i= n ((^/^(^'»«^')M')n^T (127) 

/3gAf 

Lemma 7.2 Let -p- ^ T be a finitely generated extension of -p-, contained in ^. Let 

q = ^1 n r. 

m£ 

There exists a u-extension R ^ R' of R such that p/ = Tq. 



38 



Proof.- Write T = ;p- [ai, . . . ,afc], with a^ G ^, that is, f^+i (aj) > 0, 1 < i < A;. 
We can hft the Cj to elements Oj in i?,^ such that v {ai) > 0. Let us consider the ring R" = 
R[ai, . . . ,af:] C Ru and its locahzation R' = R'^ ^j^„. The ideal P^ is the kernel of the natural 
map R' ^ -^- Thus both pr and Tq are equal to the p— subalgebra of ^, obtained by adjoining 

ai , . . . , (Xfc to -p- inside ^ and then localizing at the preimage of the ideal ^ . This proves the 
Lemma. D 

Let us now go back to our etale extension R ^ R^. 

Lemma 7.3 Fix an integer I £ {0, ...,r}. There exists a local blowing up R ^ R' along v 
having the following property: let P^ denote the i-th prime u -ideal of R' . Then the ring pr is 

analytically irreducible; in particular, -p, (^r R^ is an integral domain. 

Remark 7.4 We are not claiming that there exists R' £ T such that %t is analytically irre- 
ducible for all i (and we do not know how to prove such a claim), only that for each i there 
exists an R' , which may depend on i, such that -§7 is analytically irreducible. On the other hand, 

below we will prove that there exists an i-stable R' E T. According to Definition \4-i\ (2) and 
Proposition \4-4\ such a stable R' has the property that n{P") 0fi (R" (^ji R^)jyj„ is a domain 
for all R" G T{R'). For a given R" , this property is weaker than the analytic irreducibility of 
R" /P'^ . The latter is equivalent to saying that k{P^') (8)/j {R" (^ji R^)m" is a domain for every 
local etale extension i?" of R" . 



Proof.- (^0/ Lemma \ 7. 3| j Since R is an excellent local ring, every homomorphic image of R is 
Nagata |I0] (Theorems 72 (31. H), 76 (33.D) and 78 (33.H)). Let vr : ;g ^ 5 be the normalization 
of -p-. Then 5 is a finitely generated -^-algebra contained in ^, to which we can apply Lemma 
17.21 We obtain a z/-extension R ^ R' such that the ring -^ — -p^ is a localization of S* at a 
prime ideal, hence it is an excellent normal local ring. In particular, it is analytically irreducible 
(HI], Theorem (43.20), p. 187 and Corollary (44.3), p. 189), as desired. D 

Next, we fix £ S {0, ... ,r} and study the ring {T')^^{k{P^) (8)/j R'^), in particular, the 
structure of the set of its zero divisors, as R' runs over 1'{R) (here T' is as in Remark l4.2p . Since 
R^ is separable algebraic, essentially of finite type over R, the ring {T')~^{k{P'^) 0r R^) is finite 
over n{P^); this ring is reduced, but it may contain zero divisors. In fact, it is a direct product 
of fields which are finite separable extensions of k{P^) because R'^ is separable and essentially of 
finite type over R. 

Consider a chain i? — )• i?' — )• R" of z^-extensions in 7~. Let 



K{Pe)0RR'' = llKj (128) 

n' 

{Tr'{^{Pi)^RR') = n^i (129) 

n" 

{T"r'{K{p';)®RR^) = \[k'; (130) 

be the corresponding decompositions as products of finite field extensions of k,{P() (resp. k{P^), 
resp. k{P'')). We want to compare (T')"^ {k {P') (g)R R"") with (T")"^ (k [P'') ®r R""). 
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Remark 7.5 The ring k{P^) ®rR^ is itself a direct product of finite extensions of k{P^); say 
K,{P'() = n ^'j /''^ '^ certain set S' . In this situation, localization is the same thing as the 

natural projection to the product of the K',- over a certain subset {1, . . . ,n'} of S' . Thus the 
passage from {T')~^ {Hi{P'^) ®rR^) to {T")~^ {k{P'^) (^rR^) can he viewed as follows: first, 
tensor each K'- with n{P^') over k{P^); then, in the resulting direct product of fields, remove a 
certain number of factors. 

Let K[,...,K'f^, be the distinct isomorphism classes of finite extensions of k (-P/) appearing 
among K[, . . . ,K!^,, arranged in such a way that K'- : n{P'() is non- increasing with j, and 
similarly for K'(^ . . . , K'^„. 

Lemma 7.6 We have the inequality 

( [Xr : K (P;)] , . . . , [K^!,, : ^ (P/)] , n") < {[K[ : k [P^]] , . . . , [R'^, : ^ (P/)] , n') (131) 

in the lexicographical ordering. Furthermore, either R' is i-stable or there exists R" G T such 
that strict inequality holds in ^31\) . 



Proof.- Fix a q £ {1, . . . ,n'} and consider the tensor product K' 0pi k{P^'). Since K' is 
separable over K{Pf), the ring K'^ (gi/j k{P") = Y[ ^j is a product of fields. Moreover, two 

cases are possible: 

(a) there exists a non-trivial extension L of k (P^') which embeds both into n (P") and K' . 
In this case 

[k; : K (P;)] <[K'^:k (P;)] for ah j G S'^. (132) 

(b) there is no field extension L as in (a). In this case K' (Sir h {P'l) is a field, so 

#5;' = 1 (133) 

and 

[K'; : K (P;)] = [K'^:k (P;)] for j G S^'. (134) 

Now, if there exists q G {1, • • • ,n'} for which (a) holds, take the smallest such q. Then (jl32p - 
()134|) imply that strict inequality holds in (I13ip . On the other hand, if (b) holds for all q G 
{1, . . . , n'} then (fT33|) and (fTMl) imply that 

( [K'l : n (P;)] , . . . , [K'l„ : ^ (P/)] ) = {[K[ : n{P'^] , . . . , [R'^, : k (P/)] ) (135) 

and n" < n', so again (I13ip holds. 

Finally, assume that R' is not ^-stable. If there exists R" G T and q G {1, • • • ,n'} for 

which (a) holds, then by the above we have strict inequality in (J131I) and there is nothing more 

to prove. Assume there are no such R" and q. Then {T')~^{k{P^) (>Sir R^) is not a domain, so 

n' > 1. 

Take R" G T(R') such that ( -§77 ^r R^ I is an integral domain; such an R" exists by 

\^i J M" 

Lemma 17.31 Then n" = 1 < n', as desired. D 



Corollary 7.7 There exists a stable R' G T ■ The limit in (f^^ is attained for this R' 
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Proof.- In view of Proposition 14.41 it is sufficient to prove tliat tliere exists R' ^ T which which 
is ^-stable for ah £ £ {0, 1, ... , r}. First, we fix ^ G {0, 1, ... , r}. Lemma \7M imphes that there 
exists R' G T{R) which is ^-stable. 

By Proposition 14.41 repeating the procedure above for each i we can successively enlarge 
R' in such a way that it becomes stable. 

The last statement follows from Proposition 14.51 D 

We are now in the position to prove Theorem 17. 11 

By Theorem l4.9l (l). H2e-i is prime. By Proposition [331 -f^2£+i maps to Pi under the map 
vr^ : Spec i?^ — )• Spec R. Since this map is etale, its fibers are zero-dimensional, which shows 
that H2e+i is a minimal prime of Pi. This proves (1) of Theorem 17.11 

By Proposition 15.41 for < i < 2r, Hi is a prime ideal of R'^, containing Hi. Since the 
fibers of n^ are zero-dimensional, we must have Hi = Hi, so H2e = -ff2£+i = H2£ = H2i+i for 
< ^ < r. In particular, Hq = Hi. This shows that the unique prime Hq of R^ such that there 
exists an extension v'L of z^ to -S- is Hq = Hi. Now (2) of the Theorem is given by Proposition 

wm 

(3) of Theorem 17.11 is now immediate. This completes the proof of Theorem 17. 11 D 

We note the following corollary of the proof of (2) of Theorem 1 7 . 1 1 and Corollarv l6.151 Let 
^'^ = i/^(^R^ \ {0}), take an element /3 G $^ and let Va denote the i^^-ideal of R^ of value (3. 



Corollary 7.8 Take an element x G 'P?. There exists a local blowing up R ^ R' such that 
/? G u{R') \ {0} and x G V'gR"' 
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8 The Main Theorem: the primaUty of impUcit ideals. 

In this section we study the ideals Hj for R instead of R. The main result of this section is 

Theorem 8.1 The ideal H2e-i is prime. 

Proof.- For the purposes of this proof, let H2e-i denote the implicit ideals of R and H21-1 the 
implicit prime ideals of the henselization R of R. 

Let S* be a local domain. By pJLj (Theorem (43.20), p. 187) there exists bijective maps 
between the set of minimal prime ideals of the henselization S and the maximal ideals of the 
normalization 5"". If, in addition, S is excellent, the two above sets also admit a natural bijection 
to the set of minimal primes of S [TT] (Corollary (44.3), p. 189). If S* is a henselian local domain, 
its only minimal prime is the (0) ideal, hence by the above the same is true of S. Thus S is also 
a domain. 

This shows that any excellent henselian local domain is analytically irreducible, hence 
H2e~iR is prime for alli?G{l,...,r-|-l}. Let V- denote the unique extension of i^ to -^, 

constructed in the previous section. Let H^^.^ C -^ denote the implicit ideals associated to the 

henselian ring -^ and the valuation u^. 

Claim. We have H;^_^ = ^^. 

Proof of the claim: For /? G F, let Pg denote the !>_ -ideal of -^ of value /?. For all /3, we have 
-^ C Pjs, and the same inclusion holds for all the local blowings up of R, hence ^~^ C ^2£-i- 

To prove the opposite inclusion, we may replace i? by a finitely generated strict etale extension 
R"" of R. Now let $^ = z^^ (i?'= \ {0}) and take an element /3 G $^ n A£_i. By Corollary [73 
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there exists a local blowing up i? — )■ i?' such that x G PLR"^. Letting /3 vary over ^^ D Ai_i, we 

TJ 

obtain that if 2; G -f^2£-i then x S ^~"^ , as desired. This completes the proof of the claim. 

The Claim shows that replacing i? by -^ in Theorem 18.11 does not change the problem. 

In other words, we may assume that R is a henselian domain and, in particular, that R is also 
a domain. Similarly, the ring -^ iS>r R=^isa domain, hence so is its localization k{Pi) (^r R. 

Since i? is a henselian excellent ring, it is algebraically closed in R ([H], Corollary (44.3), 
p. 189 and Corollarv l.20l of the Appendix); of course, the same holds for -p- for all i. Then k(P^) 

is algebraically closed in k{P£) (8)/j R. This shows that the ring R is stable. Now the Theorem 
follows from Theorem 14.91 This completes the proof of Theorem 18.11 D 

9 Towards a proof of Conjecture 11^11], assuming local uniformiza- 
tion in lower dimension 

Let the notation be as in the previous sections. In this section, we assume that the Local 
Uniformization Theorem holds and propose an approach to proving Conjecture II. Ill We prove 
a Corollary of Conjecture II . 1 II which gives a sufficient condition for i>_ to be unique, which also 
turns out to be necessary under the additional assumption that i>_ is minimal. We will assume 
that all the R' E T are birational to each other, so that all the fraction fields K' = K and the 
homomorphisms R' — )• R" are local blowings up with respect to v. Finally, we assume that R 
contains a field /cq and a local fco-subalgebra S essentailly of finite type, over which R is strictly 
etale. In particular, all the rings in sight are equicharacteristic. 

First, we state the Local Uniformization Theorem in the precise form in which we are 
going to use it. 

Definition 9.1 We say that the embedded Local Uniformization theorem holds in T if 

the following conditions are satisfied. 

Take an integer H E {1, . . . , r — 1}. Let m+i '■= I'e+i ° ^£+2 o • • • o z/,.. Consider a tree {H'} 
of prime ideals of -§7 such that H' n ^ = (0) and a tight extension fi2e+2 of fi£-^i to lim -777. 

r^p rp >, 11 

R' 

(1) There exists a local blowing up n : R ^ R' inT, which induces an isomorphism at the 

center of U£, such that %t is a regular local ring. 

(2) Assume that ^ is a regular local ring. Then there exists inT a sequence ir : R ^ R' 

of local blowings up along non-singular centers not containing the center of ui such that %j is a 
regular local ring. 

It is well known ([1], [9], |17] ) that the embedded Local Uniformization theorem holds if R is 
an excellent local domain such that either char fc = or dim i? < 3 (to be precise, (1) of 
Definition 19.11 is well known and (2) is an easy consequence of known results). While the Local 
Uniformization theorem in full generality is still an open problem, it is widely believed to hold 
for arbitrary quasi-excellent local domains. Proving this is an active field of current research in 
algebraic geometry. Proving local uniformization for rings of arbitrary characteristic is one of 
the intended applications of Conjecture 11.111 Note that in Definition 19.11 we require only local 
uniformization of rings of dimension strictly less than dim R; the idea is to use induction on 
dim R to prove local uniformization of rings of dimension dim R. 

We begin by stating a strengthening of Conjecture 11.111 (using Remark 16. 14p : 
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Conjecture 9.2 The valuation v admits at least one tight extension i>_. This tight extension 
u^ can he chosen to have the following additional property: for rings R' sufficiently far in the tree 
T we have the equality of semigroups V- {^\ {0} I = i^(-R'\{0}) and for fi G z^(i?'\{0}) the i>^- 

ideal of value /? is ^, . In particular, we have the equality of graded algebras gr^R' = gr^-^. 

Below, we give an explicit construction of a valuation z)_ whose existence is asserted in the 
Conjecture by describing the trees of ideals H'-, < i < 2r and, for each i, a valuations i>i of 
the residue field k^i_j , such that z>_ = z>i o . . . i)2r- More precisely, for i" G {0, . . . , r — 1}, we will 

construct, recursively in the descending order of £, a tree J2£+i ^^ prime ideals of -^, R' G T, 
such that J2£+i ^ T' ~ (*-*)' ^^"^ ^^ extension /i2f+2 of /i^+i to lim ^, ; the valuation fi2 

will be our candidate for the desired tight extension 0- of /ii = i^. Unfortunately, two steps 
in this construction still remain conjectural, namely, proving that fi2£+2 is, indeed, a valuation, 
and that it is tight (this is essentially the content of Conjectures 19.71 and 19.81 below). Once 
these conjectures are proved, our recursive construction will be complete and Conjecture 19.21 
will follow by setting j>_ = /i2- 

Let us now describe the construction in detail. According to Corollary l6.31 we may assume 
that ht H'- is constant for each i after replacing R by some other ring sufficiently far in T. From 
now on, we will make this assumption without always stating it explicitly. 

By (1) of Definition 19.11 applied successively to the trees of ideals 

P^CR', ^G {!,..., r-1}, 

there exists R" G T such that -S77 is regular for all £ G {1, . . . , r — Ij. Without loss of generality, 

we may also assume that R" is stable. 

For £ £ {1, ... ,r — 1} and R" G T, let %{R") denote the subtree of T, consisting of all 
the local blowings up of R" along ideals not contained in P" (such local blowings up induce an 
isomorphism at the point P" G Spec R"). Below, we will sometimes work with trees of rings 
and ideals indexed by Ti{R") for suitable £ and R" (instead of trees indexed by all of T); the 
precise tree with which we are working will be specified in each case. 

For ^ = r — 1, we define J2r-i •" ^2r-i ^^^ A2r := i^2r,o; according to Proposition 14.131 
i^2r,o = ^2r is the unique extension of v^ to lim ■ 



R' 



R' 
Next, assume that ^ G {1, . . . , r — 1}, that the tree J2i^i of prime ideals of ^ a, and a tight 

extension fi2e+2 of fJ^e+i to lim -jP' — are already constructed for R' £ T and that J2£+i l^ p" = (0)- 
It remains to construct the ideals JL_^ C - and a tight extension fi2e of fi£ to lim ^7^^ — 

■«2£~2-" -^ ''21-1 

for R' G r. 

We will assume, inductively, that for all R' £ T the quantity ht J2i^i is constant and the 
following conditions hold: 

1. We have the equality of semigroups fi2e+2 ( 77^ — \ {0} ) — fJ-e+i ( -p \ {0} J . 

2. For all /3 G u^+i I -§7 \ {0} I the /i2^+2-ideal of -jp' — of value /3 is the extension to -jp — of 

\^e J "'2^+1 "'2^+1 

the /i^_|_i-ideal of w of value /3. 
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R' ~ ..^ R' 



3. In particular, we have a canonical isomorphism grf^^^^^ -jp" — = gr^^^^ pr of graded algebras 



2t+l 



By (2) of Definition 19.11 applied to the prime ideals ^2^4.1 C , ^, , there exists R' £ T such that 

2f+l 



2^ 

both -S7 and -77^^ — are regular. The fact that -^ is regular implies that so is 7^^. In particular 

^e -^21+1 ^i PiR 



-^^ is a domain, so H'^g^ = P'^R' ■ Take a regular system of parameters 



U = {Ui, . . . ,u^ 



of -St. Let A;' denote the common residue field of R', -Jr— and -§7- Fix an isomorphism -§7 
k'[[u']]. Renumbering the variables, if necessary, we may assume that there exists si £ {1, . . . , n^} 



r\^ 



/VjWi)4- Sir- «' 
the ideal ^2^+1 ^^ generated by a set of the form v' = (w^^+i, • • • , v'^^), where 



such that u[, . . . , u'^^ are /c'-linearly independent modulo {m' + J2e-{-i)jp-- Since -jt^^ — is regular. 



-/ -/ 

v^ = u 



'sj^ (l^j{u'i,---,u,J G k'[[u'^,...,u^J]. 



3 ^3 rjv"-!) • • • ; "-«(. 

pi 

Let w' = {w'l, . . . ,w'g^) = {u'l, . . . ,u'g^). Let z' be a minimal set of generators of pT^- Let A;g 

be a quasi-coefficient field of R' (that is, a subfield of R' over which A;' is formally etale; such a 
quasi-coefficient field exists by [lOj, moreover, since R' is algebraic over a finite type algebra over 
a field by hypotheses, k' is finite over /cq). By the hypotheses on R and since -p is a regular local 

ring and u' is a minimal set of generators of its maximal ideal ^ , there exists an ideal I <Z k'^ [z'] 

such that ■^— is an etale extension of — — '—iunl^ gy assumptions, we have ht P^_i < ht P^, 
so < ht P^ — ht P£_i = ht{z') — ht I, in other words, 

ht I < ht{z'). (136) 

Next, we prove two general lemmas about ring extensions. 

Notation 9.3 Let k^ be afield and {S,m,k) a local noetherian k^-algehra. For afield extension 

ko^ L (137) 

such that k <^ko L is a domain, let S{L) denote the localization of the ring S (S>ko L at the prime 
ideal m{S <Siko L)- 

Lemma 9.4 Let ko, {S,m,k) and L be as above. The ring S{L) is noetherian. 

Proof.- If the field extension (I137P is finitely generated, the Lemma is obvious. In the general 
case, write L = limLj as a direct limit of its finitely generated subextensions. For each Li, 

i 

let ki denote the residue field of S{Li); ki is nothing but the field of fractions of k (8)^0 ^i- 
Write S = ^ , where rr is a set of generators of m and H a certain ideal of A;[[x]]. Then 

S{Li) = jj-^*l?H| . Given two finitely generated extensions Li C Lj of /cq, contained in L, we have 
a commutative diagram 

5(L,) ^ 5(1;) ^ ^ 

V'ii t t t (t>ij 

ki[[x\] 



S{Li) ^ SiU) - j,^ 
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where (pij is the map induced by the natural inclusion ki M- kj and the identity map of x to itself. 
Let fcoo = limfej. Then, for each i, we have the obvious faithfully flat map pi : S{Li) — )• jj"^ \mi , 

i 

defined by the natural inclusion ki M- koo and the identity map of x to itself; the maps pi 
commute with the (pij. Thus, we have constructed a faithfully flat map Pjovtj from each element 
of the direct system S{Li) to the fixed noetherian ring ttT f\\] ] moreover, the maps pi o vtj 
are compatible with the homomorphisms ij^ij of the direct system. This implies that the ring 
S{L) = lim5'(Lj) is noetherian. D 

i 

Lemma 9.5 Let (S, m, k) be a local noetherian ring. Let t be an arbitrary collection of inde- 
pendent variables. Consider the rings S[t] and S{t) := S[t]^gui. Let I be an ideal of S. Then 

IS{t)nS[t]=LS[t]. (138) 

Proof.- First, assume the collection t consists of a single variable. Consider elements f,g^ S[t] 
such that 

f^mS[t] (139) 

and 

f9€LS[t]. (140) 

Proving the equation ()138p amounts to proving that 

9 G IS[t]. (141) 

We prove (|14ip by contradiction. Assume that g(/LS[t]. Then there exists n G N such that 
g^{L + m")5[t]. Take the smallest such n, so that 

ge{l + m"-i) S[t] \ (/ + m'')S[t]. (142) 

Write f = Yl ^j^'' ^^d g = Y bjt^ . Let 
i=o i=o 

lo : = max{j G {0, . . . , /} | bj^L + m"} and (143) 

qo : = max{j e{0,...,q} \ aj^m). (144) 

Let Qo+go denote the (/q + '7o)-th coefficient of fg. We have 

c«o+qo = X] "«^i ^ "w^^o + yZ a-ibj + V aibj. 



Yl ""i^i ■ 


= aqoho+ Y^ aibj+ Y 


i+3=h+qQ 


i + j = k + qo i + j = lo + qo 




i> qo 3 >k 



By definition of Iq and qq and (|142p we have: 

o-qoha 4 I + 'm'^' and (145) 

5Z aibj + ^ aibj G L + mJ' . (146) 

i + 3 = k + qo i+3 = lo + qo 

i> qo 3 > k 

Hence ci^j^q^^^I + m", which contradicts ()140p . This completes the proof of Lemma 19.51 in the 
case when f is a single variable. The case of a general t now follows by transfinite induction on 
the collection t. D 
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Lemma 9.6 There exist sets of representatives 

u' = (n;,...,<J 
R' 



of u' and (j)j of <pj, si < j < ni, in - , , having the following properties. Let 

«;' = K,...,0 = K,...,<J, (147) 

v' = {v',i,...,v') = (n',i-(/>^,+i,...,<, -(/)„,). (148) 



Let 4^_^ = ^ + {v') C j^. Then 



P' 

and 



w' C -^ (149) 



4i-i n ^ = (0). (150) 

Proof .- (of Lemnia \9.6\) There is no problem choosing vj' to satisfy (I149p . 

As for ()150p . we first prove the Lemma under the assumption that k is countable. We 
choose the representatives u' arbitrarily and let (j)j{u') G fc[[«']] denote the formal power series 
obtained by substituting u' for u' in (pj. Any representative (j)j of (pj, Si < j < n^ has the form 
(pj = 4>j{u') + hj with hj G (-z')tf^ — • We define the hj required in the Lemma recursively in j. 
Take j G {s£ + 1, . . . , n^}. Assume that /is^+u • • • > hj-i are already defined and that 

«+i,...,«;_i)n^ = (o), (151) 

where we view -M^- as a subring of -sr^ — . Since the ring -^— is countable, there are countably 

many ideals in ttt , ,■ ; -, — t, not contained in -777 ./r ? — v, which are minimal 

primes of ideals of the form {f)-m — , / / 7 — \, where / is a non-zero element of -^r— • Let 

US denote these ideals by {/q}geN; we have 

ht Iq = l for all qen. (152) 

We note that 

(z')R' 

^ ' (^Ig for all g G N. (153) 



Indeed, by (I136D and (I151D we have ht -777 r?^^^ j — v > 1- In view of (I152D . containment 

in pSSp would imply equality, which contradicts the definition of Ig. 
Since -f^2£-i ^ ^21 ^^"^ •^2^+1 ^ ^^S^' ^^ have 

^™ 77^ TTT^ ^^ ^ (^* ^2£ - ^i ^2^-1) + ht ^ - (i - s, - 1) > 

(/it H'2^ - ht i?2^_i) + ht -—, ht J'21,^^ + 1 > 3. (154) 

^2£ 
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Let Uj denote the image of u'- — (j)j(u') in 777 — ,/ ' ' — v- Next, we construct an element 

hj e TTT — -Titr ;? — r such that 

00 

^3 - h4 U h- (155) 

9=1 

00 ., 

hi in ( ■^'\ B, 

convergent in the m'-adic topology, which we will now construct recursively in t. Put /ijq = 0. 
Assume that t > 0, that /ijO) • • • ) ^i,t-i are already defined and that for g G {1, . . . , t — 1} we 



The element /i,- will be given as the sum of an infinite series V /i*. in (zOttt tt-t^ 1 — \ 



g g /g-i \ _ t-i 

haveM'-(/>j('u')-E^j«^ U ^« and/ijy G (zOn fl -^i ' If < -(^jK) - E ^ji7^^t> Put V = 0. 
«=o i=\ \i=i / 1=0 

t-i n-\ \ 

If li'- — 0j(ti') — X] /ij7 G It-, let /iji be any element of (z') P| ( P| I; ) \ /^ (such an element exists 

because It is prime, in view of (jl53p ). This completes the definition of hy Let hj be an arbitrary 
representative of hj in -j^^ — . 
We claim that 

(if^,_i + «+i, . . .,v\)) n ^ = (0). (156) 

Indeed, suppose the above intersection contained a non-zero element /. Then any minimal prime 
/ of the ideal (v'Ottt rrr" 7 — v is also a minimal prime of if^-m -r-r^ 7 — r- Since 

Uj^TTT — xT^f^ ;? — T' we have I {Z! -777 — xTi?^ ^7 — \- Hence I = Iq for some g G N. Then 

Vj G Iq, which contradicts (jl55p . 

Carrying out the above construction for all j G {s^ + 1, . . . , n^} produces the elements (pj 
required in the Lemma. This completes the proof of Lemma [9 .61 in the case when k is countable. 

Next, assume that k is uncountable. Let u' be chosen as above. 

By assumption, -^i— contains a /co-subalgebra S essentially of finite type, over which -^— 
is strictly etale. Take a countable subfield Li C /cq such that the algebra S is defined already 
over Li (this means that S has the form 

S = {S[ (g)L, ko)m[(S[»L^ko)^ (157) 

where {S[,m'^,k[) is a local -Li-algebra essentially of finite type). Next, let Li C L2 C ... 
be an increasing chain of finitely generated field extensions of Li, contained in fco, having the 
following property. Let (S' ,m'k') denote the localization of S[ 0^/ Lg at the maximal ideal 

m'i{S[ (8)fc' Lq). We require that 

00 

^00 •= U ^9 
9=1 

contain all the coefficients of all the formal power series (ps^+i, ■ ■ ■ , <Pni and such that the ideal 

f-T 1 / r r /1 1 

fff'~^ is generated by elements of j [W]]i where /qo is the kernel of the natural homomor- 

phism /i;^[[z']] — ^ -jj^ — . Let H'^p.^ ^ = jp^^^ D "} iW]]- We have constructed an increasing 
chain S[ C S2 C ... oi local Li-algebras essentially of finite type such that kg is the residue field 

'^^ I / rr / /"li 

of S' Then S'^ := (J 5' is a local noetherian ring whose completion is -r— °^,\C , — m- 
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Let m'^ denote the maximal ideal of S'^. The above argument in the countable case shows 
that there exist representatives (/'s^+i, • • • 
v' = (^sf+i, • • • , v^J as in ()148p . we have 



that there exist representatives 4>si+i, ■ ■ ■ , 4>rn of (psi+ii ■ ■ ■ , 4>rn in -77, — °° a, such that, defining 



(K)+^2£-l,oo)n5^ = (0). (158) 

00 

Let Loo = U -^9 ^nd let t denote a transcendence base of k^ over Loq. Let the notation be as 

q=l 

in Lemma 19.41 with /cq replaced by Lqo- For example, S'^{Loo{t)) will denote the localization of 
the ring 5^ ®l^ Loo{t) at the prime ideal ideal m'^{S'^ ®l^ Loo{t)). 
By (HMD, 

(K) + ^2£-i,oo) ^^oM n s'^it] = (0). (159) 

Now Lemma 19.51 and the fact that 5^ [t] is a domain imply that 

iW) + i^2£-i,oo) ^;o(Loo(t)) n 5^(Loo(t)) = (0). (160) 

Next, let L be a finite extension of ^00(^)5 contained in ko; then S'^{L) is finite over S'^{Loo{t)). 
Since S'^{L) is faithfully flat over S'^(Loo(t)) and in view of (|160p . we have 



{{v') + H!,,_,^^) SUL) n SUL)) n 5^(Loo(t)) = (0). 
Hence ht ( {v') + H^^^ ^ j S'^{L) n S'^{L) = 0. Since S'^{L) is a domain, this implies that 

{{v') + ^2£-i,oo) S'^iL) n 5^(L) = (0). (161) 

Since kQ is algebraic over Loo(i), it is the limit of the direct system of all the finite extensions 
of Loo{t) contained in it. We pass to the limit in (I16ip . By (|157p . we have 5 = S'^{ko); we also 

note that S = -777^ — . 

"21-2 

Since the natural maps S'^{L) — )• S'^(/co) are all faithfully flat, we obtain 

{{v') + H',,_,JSUko)nS={0). (162) 

Since S = ttt^ — is also the formal completion of S' (ko), it is faithfully flat over S'(ko). Hence 

J2e-i n ^^0(^0) = {{v) + ^2^_i,oo) -J— n SUko) = {{v') + ^^,_i,oo) SUko). (163) 

-"2^-2 

Combining this with ()162p . we obtain 

4,_,ns = io). (164) 

Thus the ideal JL_-, n -^— contracts to (0) in S. Since -^— is etale over S, this implies the 

~_ ^ ^e-i f~^ 

desired equality (I150p . This completes the proof of Lemma 19.61 D 

Since „^ ^, is a complete regular local ring and {w',v') is a set of representatives of a 
minimal set of generators of its maximal ideal ^jp^, there exists a complete local domain R'^ 
(not necessarily regular) such that -jp — = i?^[[w',i;']]. Consider the ring homomorphism 



'21-1 
y rr ' '11 , Tj' It ' 



R'A[w',v']]^R',[[w% (165) 
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obtained by taking the quotient modulo (v'). By (|165p . the quotient of tjt^ — by Jo»_i is the 

integral domain i?^[[w']], hence J2£-i ^^ prime. 

Consider a local blowing up R' — )• R" in T- Because of the stability assumption on R, the 
ring ^^" (g)R n{PlLi) is finite over jp^ <SSir k{PI_^); hence the ring lim f j^T ^r '^{Pi-i) 



_ , -'2f-2 



is integral over -777 — ®r k(P!_^). In particular, there exists a prime ideal in 

"2i-2 

lirn (-i^0^K(P/:i)) , 
lying over Jn/_i -nr' — Cg)R k(P!,). Pick and fix one such prime ideal. Intersecting this ideal with 

21-2 

-rrrr — for each R" G T, we obtain a tree Ji!i , of prime ideals of tttt — , R" G T. 

■f^2£-2 2«;-i ^ ■«2£-2 

Our next task is to define the restriction of the valuation [12^ to the ring -J^ — . By the 

induction assumption, ii2t.+2 is already defined on lim - . For all stable R" G T we have the 

R^T ^'+' 
isomorphism grf^^^^^ -p" — = gr^^^^-^ ^ of graded algebras (in particular, grfi^^^^ j^ — is scalewise 

birational to gr^^_^^^ for any R" G T and fL2i+2 has the same value group A^ as fie+i)- 

Define the prime ideals ^2^_2 = -^2^-1 to be equal to the preimage of J2i^i in R" and 

H2^ = -ff2£+i ^^^ preimage of J2£+i ™ -^"- -^^ definition of tight extensions, the valuation 1^2^4.1 

must be trivial. It remains to describe the valuation fi2£ on -3 — , R" G T- We will first define 

1)21 and then put fi2i = hi ° ^2^+2- 

By definition of tight extensions, the value group of fl2£ must be equal to A^_i and that 

A ~ A ^Ir" 

of £'21 to f~^ . For a positive element /3 G f~^ , define the candidate for i>2^-ideal of 



of value /3, denoted by "P^'^, by the formula 

V-R" 



JTII Till 

'^2IL-l"-fjll 
"2t 



K = .-.» 2: • (166) 



Conjecture 9.7 The elements (j)j of Lemma 1 9. 6\ can be chosen in such a way that the following 
condition holds. For each positive element (3 G ^^ and each tree morphism R' — t- R" in T, we 
have 

Conjecture 9.8 The elements (pj of Lemma \9. 6\ can be chosen in such a way that 

n (Pj + flM-i)flfi. Cfl^,_i^ (167) 

For the rest of this section assume that Conjectures 19.71 and 19.81 are true. 
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For all /3 G ( f ^ ) , we have the natural isomorphism 






/3+ ^K 

of K;(/i'2£)-vector spaces. The following fact is an easy consequences of Conjecture 19.71 

Corollary 9.9 (conditional on Conjecture \9.7\ ) If the elements (pj of Lemma \9.6\ can be 
chosen as in Conjecture \9.7\ then the graded algebra 



R' V'- 



/3e'"^-i 



^i J + 



is an integral domain. 



For a non-zero element x G gr^, let Yali{x) = < l3 £ u^ i^— \ {0}) x G ^^^j- We 

define ^2^ by the formula 

^2iix) = max Val£(x). (168) 

Since vi is a rank 1 valuation, centered in a local noetherian domain -Jt^, the semigroup 

i/£ ( -p^ \ {0} J has order type N, so by (|167p the set Val£{x) contains a maximal element. 

This proves that the valuation i)2e is well defined by the formula (jl68p . and that we have a 
natural isomorphism of graded algebras 

gr.. o/ 1/ ^«(P; . ) <H!,,) ^ gr, ""^^ 






2i-l 

Since the above construction is valid for all R £ T, 1)21 extends naturally to a valuation centered 
in the ring lim -„ - ^ (by abuse of notation, this extension will also be denoted by ^21)- 

R' ^^ ^ 

The extension (121 of ^i to lim -„ ^ is defined by ji2e. = ^2^ ° A2£+2- 

R"£T{R') 
This completes the proof of Conjecture 19.21 (assuming Conjectures 19.71 and 19. Sp by de- 
scending induction on £. D 

The next Corollary of Conjecture 19.21 gives necessary conditions for i>_ to be uniquely 
determined by u; it also shows that the same conditions are sufficient for i>„ to be the unique 
minimal extension of v, that is, to satisfy 

H'. =H'i, < i < 2r. (169) 

Suppose given a tree < ^q > of minimal prime ideals of R' (in particular, R' n H'q = (0)). If the 
valuation v admits an extension to a valuation z>_ of lim -^ , then Hq is the 0-th prime ideal 

— ^ 

R' ° 

of R', determined by i)_. Since H'q is assumed to be a minimal prime, we have Hq = Hq by 
Proposition 15.41 
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Remark 9.10 Let the notation be as in Conjecture \9.2l Denote the tree of prime ideals {H'q} 
by {H'} for short. Consider a homomorphism 

R' -^ R" (170) 

in T . Assume that the local rings R' and ^ are regular, and let V = {Vi, . . . , Vg) be a minimal 
set of generators of H' . Then V can be extended to a regular system of parameters for R! . We 
have an isomorphism R' = -^[[V]]. The morphism (|77^ induces an isomorphism R'^, = R'^n, 
so that V induces a regular system of parameters of R'^,,- In particular, the H"-adic valuation of 
R'Ijii coincides with the H'-adic valuation of R'^,. On the other hand, we do not know, assuming 

that R" and -jp- are regular and ht H" = ht H' , whether V induces a minimal set of generators 
of H" ; we suspect that the answer is "no". 

Corollary 9.11 (conditional on Conjecture \9.^) If the valuation v admits a unique exten- 
sion to a valuation z)_ of lim Mr, then the following conditions hold: 

(1) ht H[<1 

(2) H[ = II[_^ for all odd i > 1. Moreover, this unique extension j>_ is minimal. 

Conversely, assume that (1)~(2) hold. Then there exists a unique minimal extension z>_ 
of V to lim %r . 

— > ^0 
B! 

Proof.- The fact that conditions (1), (2) and equations (jl69p determine v- uniquely is nothing 
but Proposition 16.121 Conversely, assume that there exists a unique extension i>_ of v to lim %r . 

By Remark 16. Ill there exist minimal extensions of v to lim -§7-, hence z)_ must be minimal. 

— > ^0 
R' 

Next, by Conjecture 19.21 there exists a tree of prime ideals H' with H' D R' = (0) and 
a tight extension /i_ of v to lim^. The ideals H' are both the the 0-th and the 1-st ideals 

determined by /x_; in particular, we have 

H'q(1H[c H' (171) 

by Proposition 15. 4[ Now, take any valuation 9, centered in the regular local ring -777-, such that 

the residue field kg = k[H'). Then the composition /i_ o ^ is an extension of z/ to lim -^, hence 

R/ ° 

fi_oe = i)^ (172) 

by uniqueness. For i > 1, the i-th prime ideal, determined by ft- o 9 = ()_ coincides with that 
determined by /i_. Since ly is minimal and fi- is tight, we obtain condition (2) of the Corollary. 
Finally, if we had ht H' > 1, there would be infinitely many choices for 9, contradicting [T72] and 
the uniqueness of 0^. Thus ht H' < 1. Combined with I17fl this proves (1) of the Corollary. 
This completes the proof of Corollary (|9.11|) . assuming Conjecture 19.21 D 

Regular morphisms and G-rings. 

In this Appendix we recall the definitions of regular homomorphism, G-rings and excellent 
and quasi-excellent rings. We also summarize some of their basic properties used in the rest of 
the paper. 
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Definition .12 (^lO], Chapter 13, (33. A), p. 249) Let a : A ^ B be a homomorphism of 
noetherian rings. We say that a is regular if it is fiat, and for every prime ideal P C A, the 
ring B®a f^iP) is geometrically regular over k{P) (this means that for any finite field extension 
k{P) — )■ k' , the ring B ®a k' is regular). 

Remark .13 // k{P) is perfect, the ring B (S>a i^{P) is geometrically regular over k{P) if and 
only if it is regular. 

Remark .14 It is known that a morphism of finite type is regular in the above sense if and only 
if it is smooth (that is, formally smooth in the sense of Grothendieck with respect to the discrete 
topology), though we do not use this fact in the present paper. 

Regular morphisms come up in a natural way when one wishes to pass to the formal completion 
of a local ring: 

Definition .15 (]10l . (33. A) and (34. A)) Let R be a noetherian ring. For a maximal ideal m of 
R, let Rm denote the m-adic completion of R. We say that R is a G-ring if for every maximal 
ideal m of R, the natural map R — ?■ Rm is a regular homomorphism. 

The property of being a G-ring is preserved by localization and passing to rings essentially of 
finite type over R. 

Definition .16 (^10], Definition 2.5, (34. A), p. 259) Let R be a noetherian ring. We say that 
R is quasi-excellent if the following two conditions hold: 

(1) R is J-2, that is, for any scheme X, which is reduced and of finite type over Spec R, 
Reg{X) is open in the Zariski topology. 

(2) For every maximal ideal m C R, Rm is a G-ring. 

It is known |lOj that a local G-ring is automatically J-2, hence automatically quasi-excellent. 
Thus for local rings "G-ring" and "quasi-excellent" are one and the same thing. A ring is said to 
be excellent if it is quasi-excellent and universally catenary, but we do not need the catenary 
condition in this paper. 

Both excellence and quasi-excellence are preserved by localization and passing to rings 
of finite type over R ([lO], Chapter 13, (33. G), Theorem 77, p. 254). In particular, any ring 
essentially of finite type over a field, Z, Z(p), Zp, the Witt vectors or any other excellent Dedekind 
domain is excellent. See [11] (Appendix A.l, p. 203) for some examples of non-excellent rings. 

Rings which arise from natural constructions in algebra and geometry are excellent. Com- 
plete and complex-analytic local rings are excellent (see |10] . Theorem 30. D) for a proof that 
any complete local ring is excellent). 

Finally, we remark that the category of quasi-excellent rings is a natural one for doing 
algebraic geometry, since it is the largest reasonable class of rings for which resolution of singu- 
larities can hold. Namely, let Rhe a noetherian ring. Grothendieck (j4], IV. 7. 9) proves that if 
all of the irreducible closed subschemes of Spec R and all of their finite purely inseparable covers 
admit resolution of singularities, then R must be quasi-excellent. Grothendieck's result means 
that the largest class of noetherian rings, closed under homomorphic images and finite purely in- 
separable extensions, for which resolution of singularities could possibly exist, is quasi- excellent 
rings. 

We now summarize the specific uses we make of quasi-excellence in the present paper. 
We begin by recalling three results from |10] and |llj . As a point of terminology, we note that 
Nagata's "pseudo-geometric" rings are now commonly known as Nagata rings. Quasi-excellent 
rings are Nagata ([lOj, (33. H), Theorem 78). 
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Theorem .17 (UO\j . (34-C), Theorem 79) Let R he an excellent normal local ring. Then R is 
analytically normal (this means that its formal completion R is normal). 

Theorem .18 (^llf. (43.20), p. 187) Let R be a local integral domain, R its Henselization and 
R' its normalization. There is a natural one-to-one correspondence between the minimal primes 
of R and the maximal ideals of R' . 

Proposition .19 (]11^. Corollary (44-3), p. 189) Let R he a quasi- excellent analytically normal 
local ring. Then its Henselization R is analytically irreducible and is algebraically closed in its 
formal completion. 

From the above results we deduce 

Corollary .20 Let {R, m) be a Henselian excellent local domain. Then R is analytically irre- 
ducible and is algebraically closed in R. 

Proof.- If, in addition, we assume R to be normal, the result follows from Theorems 1.171 and 1.191 
In the general case, let R' denote the normalization of R. Then R' is a Henselian normal quasi- 
excellent local ring, so it satisfies the conclusions of the Corollary. Consider the commutative 
diagram 

R^^R (173) 



R'^^R' 

where R' stands for the formal completion of R'. Since R is Nagata, R' is a finite i?-module. Thus 
(j)' coincides with the m-adic completion of R', viewed as an i?-module. Hence R' = R' <^r R. 
Since ip is injective and R is flat over r, the map (p is also injective. Since R' is analytically 
irreducible, R' is a domain, and therefore so is its subring R. This proves that R is analytically 
irreducible. 

To prove that R is algebraically closed in R, take an element x £ R, algebraic over R. 
Since all the maps in 11731 are injective, let us view all the rings involved as subrings of R'. Since 
R' is algebraically closed in R', we have x G R', in particular, we may write x = ^ with a,b £ R. 
Now, since {a)R C {b)R and R is faithfully flat over R, we have (a) C (6) in R, so x = ^ £ R. 
This proves that R is algebraically closed in R. The Corollary is proved. D 

Next we summarize, in a more specific manner, the way in which these results are applied 
in the present paper. The main applications are as follows. 

(1) Let R be an excellent local domain, P a prime ideal of R and Hi C -ffj+i two prime 
ideals of R such that 

HinR = Hi+i nR = P. (174) 

Then ^ is also excellent. Definitions 1.121 1-151 and 1.161 imply that the ring R 0r i^{P) is geo- 



Hi 



+1 



metrically regular over P, in particular, regular. Moreover, (I174p implies that the ideal 

is a prime ideal of -^, disjoint from the natural image oi R\ P in -^. Thus the local ring 

— - '"""^ is a localization oi R(S>rk(P) at the prime ideal Hi^i(R(S>RK(P)) and so is a local ring, 

geometrically regular over k{P), in particular, a regular local ring and, in particular, a domain. 

(2) Assume, in addition, that Hi is a minimal prime of PR. Since — - '"'"^ is a domain. Hi 

is the only minimal prime of PR, contained in -ffi+i. We have PRui+i = HiRHi^i- 
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